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ABSTRACT 


The title of this thesis suggests a three-way interplay of 


ideas whose two-way components will be described. 


Clifford Algebras and Spin Groups: A spin group is, at least 


from one point of view, roughly a two-fold covering group of an ortho- 
gonal group; and the most familiar examples of orthogonal groups are 

the groups of rotations in the Euclidean plane and space. A Clifford 
algebra is a finite dimensional algebra whose generators satisfy 

certain quadratic relations which derive from orthogonality statements 
in an associated orthogonal space. When the orthogonal space is non- 
degenerate, there is a nice construction of the two-fold covering of its 
orthogonal group which employs the Clifford algebra. Curiously, the 
relationship in the degenerate situation seems not to have been investi- 
gated in a systematic way. The initial stages of such a study are 
undertaken: a general definition of a spin group is proposed and the 


structures of various classes of spin groups are obtained. 


Spin Groups and Galilei Invariance: The non-relativistic 
world has the Galilei group as a symmetry group in the sense that physi- 
cal laws of such a world must be invariant under that group. Quantum 
mechanics is distinguished from non-quantum mechanics by its use of 
concepts which lack clear classical analogy; intrinsic spin is such a 
concept, and an electron is a particle with spin. Since non-relativis— 
tic quantum mechanics is as well understood as it is, it is peculiar 
that only recently has the non-relativistic analogue of the Dirac equa- 


tion for the relativistic electron been considered from first principles. 
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This equation is re-examined in the light of the present work on general 


spin groups. 


GalivedeinvariancevandyGlattord Algebras: The real world is 


believed to be relativistic, however much of the phenomena we see appears 
to be non-relativistic. The Galilei group is, in a sense, the limit of 
the group describing the relativistic world. If one considers the spin 
groups of these groups as basic, the Galilei spin group is a limit of 

the non-relativistic one and this limit can be regarded as the result of 
a limit of the relativistic Clifford algebra to the non-relativistic 


one; this notion is formulated and the most obvious results proved. 
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CHAPTER I 


CLIFFORD ALGEBRAS AND SPIN GROUPS IN ABSTRACTO 


I.0. INTRODUCTION 


We begin section 1 of this chapter with the notions of real 
orthogonal spaces and abstract Clifford algebras after which several 
results, useful later, are proved or outlined. One of these concerns 
the nature of a special class of ''degenerate" Clifford algebras. Section 
2 deals with the identification of spin groups within a Clifford algebra 
context. Next, the spin analogues of the Lorentz, homogeneous Galilei, 
and de Sitter groups are introduced and the structure of the spin group 
corresponding to the degenerate space in section 1 is computed. A brief 
section 4 deals with Lie algebras and their appearance in the Clifford 
algebra scheme; those corresponding to the groups of primary importance 
in section 3 are presented. Some possibilities and difficulties, when 
the underlying orthogonal space has arbitrary degeneracy, are explored 
in section 5; a particular class of "more-degenerate" spin groups (some 
of whose members being possible space-time groups) is investigated in 
detail. The extended Galilei group is considered in section 6 within a 
Clifford algebra - spin group formulation. Finally, the chapter ends 
with several remarks both elucidatory and speculative in a section: 


Notes and References. 
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Of the formal propositions stated or proved in this chapter, 
the following are, to the best knowledge of the author, new: Thm. 1.1.3, 
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I.1. REAL ORTHOGONAL SPACES AND CLIFFORD ALGEBRAS 


A real orthogonal space is a vector space over R witha 
distinguished real quadratic form Q (or equivalently, with the sym- 
metric real bilinear form B that corresponds to Q). Our real ortho- 
gonal spaces will be finite dimensional as real vector spaces. There is 
no loss in generality in assuming the bilinear form to have been diagonal- 


ized and as a_ result, every real orthogonal space is of the form 


RE >»P +4 | 


, where by ae we mean the space Ro (n = ptqtr) , with the 


bilinear form B , the orthogonal space being denoted (RB) 
Be=idiaee(Olste 0 =) e.8 oe Ie exoteren ty) (1a) 


WIth" Uru Zero, ap. Negative, and gq positive entries. The, form is non— 


RP» 


degenerate when r= 0 and we write TOG sUsidat! (Porteous (1969), 


jag = (AS) 


While most people studying these spaces make the assumption of 
non-degeneracy, it is exactly this hypothesis which will be relaxed in 
the present study. If there is a single key observation upon which much 


of this work is based, then it is the following very simple result. 


Proposition I.1.1. The non-degenerate real orthogonal space of least 


poe ae | 


dimension which contains as an orthogonal subspace (orthogonal 


TED) 5 Lear] 


inclusions are defined below) is R Thus any such containing 
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Before getting to the proof, we recall some useful definitions 

(see for example Chevalley (1954)). An orthogonal tneluston (or embed- 
ding) of the orthogonal space (3B) into the orthogonal space 

' n n! n : 
(ae eewrlteen =), bee. (Pe* se) Sis®a*mapping 91,02) = RB 
both linear and one-to-one, such that i*B' = B (as is customary, 
CEB) Gov) a= 2B (a) 40) a vee ye ei ). The orthogonal complement 
W of a subset W of (RB) is defined by Ww = fee Rs B(a,w) = 0% 

n , ' eae 

Ww © Wiesea subspace. W Jot ((R»,B) is° totaly) tsorropre if We We 
The tndex v of a real orthogonal space is the maximal dimension of a 


totally isotropic subspace. It is well known (Porteous (1969), p. 161) 


that v (RP 4) —Iminwp.¢ weetOGele Wie RP od is isotropic and 


Dy peed pe3o Po RP >d , ps4 


RP>9 4 29.4 


are the projections of RP>od = 


| 
oO 
Ian) 
(e) 
ia) 


, then Py and P» are one-to-one (P,@) = 
W F 


some weW implies we Rod and B(w,w) = O implies w= 0 ; like- 


wise for 


P| ). Hence dim W = rank a < p and also dim W = 
W W 


rank Pa, <q , implying y (RP? 4y “ minip,q) . Also, v (RP ey > min{p,q} 
W 


Goinee abe ©. ,oa° form an orthonormal basis 
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ast mini peqisee tsetelably isotropic of dimension 
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pt »P>d = pr,0,0 , pP.d 


and q' > q , and from the decompositions § 
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piaP ode RP a eer pes q' > r+q and conversely as is now 


obvious. O 


Covollaryelei.2: v(RT?P 24) = r + min{p,q} 


' ' 
Proof: Mimic the argument for v(RP 24 ) , using 


pEoPsd ~ pt,0,0 4 -p,0 4 20.4 _ U 


Probably the simplest physically relevant example of Prop. I.1.1 


Oral oeled 


is the orthogonal inclusion R tel Cameos. 0 ce) boc: 


1 
Vee 0 oat 4) arerorthonormal bases of psn ° oe respectively 
| 
= — = ' = — 
(ise B(e,,€ 9) OFR B(e,e,) om Ble, ,€,) oe and 8B (f5>f5) Les 
' — 1 t _ ' — ! os 
FOR eel Asb=< on) “then i(e,) = ftt, F i(e,) = aN td <3) Supete 


a basis change. 


A real Clifford algebra for the real orthogonal space (X,B) 
is aereal associative algebra, denoted C(X;8) { CG) (and C) if 
B (and X) is (are) understood, generated as a ring by R and X and 


SUDJECE -EO the condition« that ior “cee : 
2 
Gi Bere S20 Ce) 


where 1 = wmity in C(X) is identified with 1c R , and may therefore 
be omitted. Additionally, C(X) is to contain isomorphic copies of 


R , & as linear subspaces (see Notes for references on Clifford algebras). 
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The question of existence is settled by the following construc- 
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(iii) Tf C is a Clifford algebra for the m — dimensional non- 
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and when ptq > 1: 


+ 
R tee ey oy eeeyl nm even 
,0,0 
+ 
ZGR ) = 
I,Pp5q + 
00 fo Odd. . 
I ae Hf i 

eoones lee Gh = ) ERGON Se ELAR ) ee Requininget hate aay =s\e a0, 
Sonar 1 - C,P5q 


1 < i< r implies nothing when | even, and ay # 0 possible only 
tienen) el witor ye) sodd. Nowa cs = te ee ren Se sae 
implies a, = Opeit ble 1igese or} wheng))| 1) dseeeven. and ay #0 only 
ifeentr lees nie T when {| odd. Thus, |r| even => ay = 0 unless 
be (lee *+sr} , cand |) odd => epee 0 gunlegeagil 2,2 ni (eek. owhich 
tssonly possiblestor ne, odd.= This proves) the first part. The second 


part follows by an argument employing Prop. 1.1.4. U 
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122.) Se ENT GROUPS 


Before recalling the definition of a spin group for a non-degenerate 


orthogonal space, we introduce a couple of definitions. 


Suppose X= R°P?4 | with C(X) denoting the universal Clifford 


algebra R : 
T,P>5q 


The norm on C(X) is the mapping: N: C(X) > C(X) by araa, 


denoting conjugation on C(X) . (See Porteous (1969), p. 260.) 


The Clij ford group (Porteous (1969), p. 254) for xX = Ret ed ee 


NCO =sare CC) 3 ¢ as tinvertible; goa g ea.) Geo. aWhen 
+ 
ptq > 1, the even (spectal) Clifford group T(X) is defined by 
+ + 
LO) =e) a CO). That 1(). 2sa eroup) follows’ from the next weil 


known result. 


Letting 0 (or just op , X being understood), denote the mapping 


Xx 


(see Notes) LOO) > End, (X) ,» where Py (g) acts.to ihe nicht” by 


Py : 
Ge xp, (g) = rae qi’ PAWeMDAVe stor mg). oye 1 Co)aus Py (99") = Py (g)P, (g") . 
Note also that py (9) is an isomorphism, in fact an orthogonal automor- 
Dicom roe so. 78. ( Py (g) is one-to-one, hence onto, because xp, (g) = 0 
gone gq =Q0=> 2=0; Py (9) is orthogonal if B(x-p, (9) y*Py (g)) = 
BCom bor all. ove a! (Os) at 6 Xo, OBUE LE Ssuttices by the polariza— 
tion identity, B(2,y) =< {B(oty, c+y)-B(x-y,x-y)} , to show only that 
B(a-py (g) ,2*p, (J) = B(eyeyeutor Gg e7l(X) .90 © Xe. this tol lows because 


RC eee eee (py (g)) (ary (g)) = an for all weX.). 


Consequently, 9 is a group homomorphism: op, © Hom(T(X),0(X)) , 


Xx X 


where O(X) is the orthogonal group of the orthogonal space 
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When (X,B) is non-degenerate (X = RP >4) , one has the standard 
definitions of pin group and spin group (Chevalley (1954), p. 52; 


Dieudonné (1963), p. 55): 


Pan (%) = gm Oo) Ng) © aoied hy 


+ 
Laue EX) 2 N@) 2 4—-l. Li) = Pin() 7G C(x) : 


Spin (X) 


In this non-degenerate situation Pin(X) , Spin(X) are subgroups of 


a 
PO) .eT{x) respectively, «and af Py also denotes the restriction of 


Py to Pin(X) , Spin(X) respectively, we have (see remarks in the 


previous paragraph): ker 0 t=1 1} “and 0 surjective (that is 


ee X 
py (Pin (X)) = 0( x) and Py (Spin (X)) = SO(X) = subgroup of O(X) which 


; {1} , det denoting determinant). 


preserves orientations = 0(X) 9 det 
Thus, one has the group isomorphisms (for non-degenerate X , see 


Porteous (1969), Prop. 13.48): 


Pano) die = 10. Co) 


SOCR i=. 


Spin y/ ta, Eh 


The following notational abuse will, at times, be convenient: Pin(0(X)) 
fore Pin Go) = Spin (S0(%)) | for Spin (sand possible variants thereok, 
whose meanings will be clear from the context (e.g. SO(r,p,q) means 


SO(RT?P?4) CEC) 
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In many instances, it's only the connected identity component of 


SO(X) that is of interest. For non-degenerate X , 9, maps Spin(X) 


X 
onto SO(X) hence the connected component of the identity of Spin(X) 
onto that of SO(X) . As defined, Spin(X) has a subgroup Spin’ (Xx) r 
SAS = { ge Spin(X) : N(g) = 1} , whose image under Py is a sub- 
group SO’ (X) of SO(X) which preserves the semi-orientations of X 


(Porteous (1969)5 pa 161, p. 268); that is, identifying X= RPod with 


b 
d 


, d: R41 +R1 , we say A 


RPxRd and A « SO(X) with the (ptq)<(p+q) matrix k | , where 
Goo Rp Ree Rt es RS Re 
preserves the semi-orientations of RP?4 ig a,d preserve the orien- 
tations of RP ; Ro respectively). In fact, except for Spin’ (Xx) 


Oe ee aF 
when =X = —R R pe Oe ecw A acre hoe OOo chars SO’ (X) are the 
connected identity components of Spin(X) and SO(X) respectively (see 


Notes). 


Definitions of Pin(X) , Spin(X) for degenerate spaces X_ do 
not appear to have been considered, probably because the groups O(X) , 
SO(X) do not (frequently) appear either. The definitions to be used in 
this thesis are exactly those given previously in the non-degenerate 
€ase. (slraditionally, thevdefinitions (ec£. Porteous (1969), ps 264) 
given for non-degenerate X require Pin(X) , Spin(X) to be quotient 
(rather than sub—) groups of (xX); T(x) respectively, but the two 
definitions coincide when X is non-degenerate. Our definition, while 
being a natural generalization of the former one, has as a benefit that 
calculations are possible. Moreover, it yields satisfactory results for 
a special class of degenerate spaces which includes most of those pres- 


ently of interest in physics. 
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[.3. PARTICULAR SPIN GROUPS 


The proper Lorentz group (or simply Lorentz group) is the group 


tL) =)s50 (1.3) = 180 (Ree 


6 
+ 
SONC INP co (RE? = 


) , and the proper de Sitter group is S10 = 


) . The homogeneous Galilet group G, is usually 


6 
defined as the semi-direct product R? © 80(3) , where the action of 
S0(3)) on Be is the linear one (the group multiplication law is as 
follows: (6,R) (b',B') = (B+Rb' , RR") J efor B,D belonging to R and 
Hie being rotations of R? ) , and as such is isomorphic to the group 


: : 5} ae : 
of Euclidean motions on R (for general semi-direct products see Notes, 


section 6). 


It probably is not obvious that the homogeneous Galilei group is 


an orthogonal group. We describe the relationship now. 


Let y= Gy denote the bilinear form on Re defined by: 
ie Ore = 6 eed oi a Abe So (Potentially there 1s 
contusion with the notation as it appears in the proof ef Thm. 1.1.3; 
that notation, however, does not appear in the statements of results, 
but only in proofs and care will be taken to avoid misinterpretations). 


Thus Ghas cS pools , and we now describe O(y) = age 


0,3 


rand 


SO(y) = so(RY? ) ete. In fact it follows very easily that: 


O¢y) = {A © GL(4;R) : AvAT = y} ; « denotes transpose 


and, yo ws recarded as) the matrix 2 1 | 
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Hence: 
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SO(yY) = {3 : | fae tei 


so*(y) = ie: 


The identification R? ©) s0(3) + See 


det ih; De R? 


| > De R? ae 


126e3 
EE by 


se 0°3)| 
e S0(3) | 


> iO 
(CUR) | aoe 


establishes the orthogonal nature of the homogeneous Galilei group; from 


now on, Sue ol 


+ + 
mec) (Cy), SO) Gl0.3)s etc. will, be weed to, denote 


the homogeneous Galilei group (for a definition of 50° (X) —wOLearpa— 


trary XX; See section 4.) 


While it is obvious that S03) 
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ties perhaps Lessusonthat~ms0 (1,0) 3)auits also. 


is a subgroup of 30.44), 


ingeretrospect., one 


might be tempted to say this comes about because (as remarked upon in 
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section 1) R R 
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is the '"smallest’' non-degenerate orthogonal space containing both R”’ ’ 


and ae orthogonally. 


To be specific, let 
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y 


af 
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(ape cin BY , with g = (g73) = diag(-1,1,1,1,1) and suppose y ie 


represented as a row vector: 0 


ste, BULIL @ollumne 


except 1 in the 


O<i<4. By explicit calculation (see the Notes): 


so’ (1,3) = so" (1,4) i 
F 


er 
s0'(1,0,3) = SO (1,4) 
0 
Ve ae 


Stabiitzereol mv 
{Tf © 0° (1,4) 
= Gyeeloalililvyere Our 
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He Ser Gh A 
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One <4 be an orthonormal basis 


ie ths 


(3.1) 
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ene in “SO (1.4) 


0,4 0, 4 
(oH P= yt" 


(352) 
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This is hardly surprising to one familiar with the theory of induced 
: Lay. 2 ; 
representations: y is a "space'"-like and ae aenuliedesoic ter 


vector. 
The "most natural thing in the world" at this stage is to 


expect the spin group analogues to follow similarly, and they do: 


oats be Merag Fate 
Spin «(12 3)5 =) Spine(1.4) Roe stabilizer of oe in Shue LAS 
V 


ie See (aL) Sab atte ys (323) 


ae ~ 
Sjoeta) (CAO Se Spin’ (1,4), a Stabilizer of ye? in etn (aL 
Nereis 
EWES Sein (aly) : eas 
O04 
Seance (3.4) 


These follow most simply from the matrix representations of the spin 


groups given in the next chapter. 


We now state and prove a structure theorem for a special class 
of spin groups: namely those for the degenerate orthogonal spaces 


Rp oPeG (eof iim lal jo tom the GClitford:aleebra situation). 


TMieorem Ligels: Spin@lsp.q) = Keo where 2 = Spam (pda. ok 


n= ptq = lo. Furthermore Hak = ii). K = Spin@d p,q) (K is a normal 


subgroup), Hnz(K) = {-1,1} (z(K) = centralizer of K= tg eSpin(1,p,q): 


gk= kg, ke K} ) and consequently 


Spin(1,p,q)/{-1,1} = R° © (Spin(p,q)/{-1,1}) = R° ©S0(p,q) 
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(ieee lee oSpin (leaped) a R" ©) s0(p,q) + {1} is an exact sequence. 
Before proceeding with the proof we recall the result (Jansen and Boon 
(1967), p. 75, ex. 31) hinted at in the theorem's statement (see Notes, 


section 6, for comments): 


Lemma: Given a group G with subgroups H,K such that (i) G= K-H 
Gas) Hnk = i) CHUI)e Kae (K normal in GG) then. “z(K)oH 2G and 
G/z(K)nH = K@ (H/z(K)nH) , where z(K) = {g eG 3; gk = kg , ke K} = 


OSncigeiiapAgie ~@nuz i alg, (a 


Proors.or thm. 1.csie:) the notation will be that of Thm £..1.3, except 


that fy a) 7 Os on will gencrate=the wmiversalyCliftord algebra 


Xx = RieP>d ; 


Ry aa of the orthogonal space Suppose 
nhl eb) mi 
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+ ie A A ; 
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= a Oee 0 One =50 
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and notice that H = Spin(p,q) < Spin(1,p,q) 
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We shall show that H,K satisfy the conditions of the lemma 


just rererred to. 
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That H is a subgroup, is immediate from its definition. As 
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Finally, we compute z(K)nH . Let ae H commute with all 


members of K ; that is suppose AGesbo = Gib oie 


> 


Then we must have ab= ba,be RP?d ana knowing already that 
0 
a yau= a we have ~ab.= $a 4 Db € Xs so ae Z(R, eae’ Lom eProp. 
at us »P>q 
R =3 |B = = 
Pep ae n eera 1,0,0 R and therefore ae R => 


Qeemi=l li ssince aiae= ae tial ais. 
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As the hypotheses of the required lemma are fulfilled, the 


proof is finished. 


From this theorem we obtain: 


Corollaryelso.2.2  ropinGls 5. gd) = R" ©) Spin (p,q) , where Spin(p,q) acts 


One sn) = pd. y,ethrouch che projectionsmap, @ eSpin(p,q)e 


SO (p,q) 


Proot-) ihisei1s obvious from the structure of | Spin@l.p,q) as proved 


iny@heorem 1.3.1 (See also proof of Thm. [2374). 


+ + 
Conolilarye ies. ons “Spile (Lp. dq) R” G) Spin (p,q) , and except when 


Ei) 2G ALD, CLO Athy. Sountakannan, “Seni awawel ee en 
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Proof: See the remarks in section 2.0m Spin (%) and use Corollary 


+ ~ + 
Deed) and the isomorphisms 50) Ciip,q))= R" @) so (p,q) 


~ ont 
Theorem 1.3.4.: Pin (1 .p.q)/i1—). 1} = antl © (pin(p,q)/{-1,1) where 
n= ptqel , and Pin(p,q)/1-1, 13 = 0(p,q) acts on R =R®@®R as 
multiplication by det p on the first factor, and by the standard 


O(p,q) linear action on the second factor. 
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Proof: We use the notation of Theorem 1.3.1. Now Pin(X) = fg e« I(X) 


Gag i= +1} so choose, .g = aes e Pin (Xx) wheremea, ore eC (ule 2p cenit) es 


and see what g g = ti means. Since g = pS = 5s 

ae) y. (recall that ore = (-1) !71,4/0 = ey ee sg 

ob = (pb )* 7 ) we have g g = (=e) ea Seas 
(a7b-(b7 ay") +? , ugiaeithe face that (fo) yia= (on) ay =0(bes) -y - 


Thus g g=+1 <=> aa=+1,abe= (b- a)” , and therefore 


Pin(X) = De SUL OOM cotae=tt cep (b-a)*} 


In analogy with the proof of Theorem I.3.1 we define: 
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Pin pin CCl ,25-°s.n)) 


= {ae C({1,2,-°-,n}) : aa= Soles a Ae) 


anda remarksthat (1 is a subgroup,ot § Pin (x) isomorphic to Pin(@,q)) < 


Also, define K= (pe op De CCL re anly)  e= (Char 


r(X) . We now determine the structure of K as an (abelian) subgroup 


Ofe Pin. or.» As GUO ae oe Gee ey = We » the restriction that 


1+ ge é 1(X) requires only that (145+ y9y1, i (145-9) SCA ee ec 
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n+l 


Il 
Bs) 


condition b= (b-)” eethusa ke= Ai (ob 4 ) Peay yet a 
1l<i<n : 


As expected, Pin(X)=x-q (= H*eK therefore). For let 


abe € Pin(X) and require abe 2 1) *.) Thi simeans that 


Ce eet ey a Ga en ne = 
X so Sa eX and Toe 2GG a em. Thus @ee nH , 


0 ea 
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To show that K < Pin(X) , we need the following classical 


result (Porteous (1969), Thm. 13.44) that ae Pin(p,q) is representable 


as a product a= Aya a ,» where each a, € RP>d » and therefore 


GA = (21) 4 . Suppose Fey es Paine) ys reece Sik ae =c, + ) Cav. 


° isis 
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Rina lity. 92 QOmbr= 1k, 1a shore sate ZK) Ode ether 
Genin = Gece) a@=> ab= ba’ , 1 4et RS pUbPad . This requires 


Gyeak aby Prop. 1.1v5,°and hence ae, 4-1, 1) 


As all the hypotheses of the previously quoted lemma are ful- 


filled, the stated isomorphism is proved by computing the action. Let 
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Therefore, the mapping: 


Vi: Pin. @lsp.q)) = a+! G) Pin (p,q) 


0 , 
bya Dy eS (Cx, 2) 5a) with x z= as defined as above, is an isomor- 


) 3 
phism. The multiplication law in RG) Pinte) is as follows: 


Oe) a) ((a,ta(a®) a," pre" +o (a"*)) ,aa") 


Av-1L : 
Now because a(a ) = +1 according as p(a) preserves/reverses 


, F A,-1 : 
orientations, a(a ) det o(a) , and therefore we also have an isomor- 
phism: 


, ae 
y : Pin(1,p,q)/{-1,1} > R" * © 0(,4) 
where multiplication in tt 6) 0(p,4) is as follows: 


Gn) ) Ge, ee) Gece a, orgie) 


This establishes the theorem and elaborates further on Cor. 


fimo and cor, sl. 365 (by. choosing «ase ip in(p..a).. 7 =)" etic.) and 


the following corollary. O 


+ 
R" “© Pin (p,q) , where n = ptq , and 


the Left action of Pin (p.q)) on aie. is as follows: 


2 


Corollary 1.3.5.: Pin(1,p,q) 
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Because of the importance of the physically interesting case 
p=0 , q=3 , we outline in detail the correspondence between Spann 0)3) 
+ 
and SO (1,0,3) : namely the two-to-one projection 


oe spin iG 0%3) 2S0s03) 


ai 


In keeping witiyprevious notation, “iyvie5 0 = 2 < 35 will 
denote an orthonormal basis of eae which generates Ry ee The 
Galilei group Ce = R° 3) s0(3) acts on a basis frame (e,) alles ie kh 


4 
Of Lah as follows (implied summation over repeated raised, lowered 


indices): 


ee -1y)j 
(e, 5A) a= Sail ) i (358) 


where as outlined earlier in this section, AyA® = y and det A= 1 
hence ee a hy =a One St peer eg Ande This 


action on frames) induces an action on) Coordinates: 
GON => aey = IN 96 (3555) 


; i A eee ; 
inmesitehrauway Ghat, 40) 6..5= «x iS) Livia talent. 
al 


The dual action on dual coframes (67) (i.e. frames in the 
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(3.6a) 
and on covariant components 2, of a vector: 


x. 7 x. == aie : (3. 6b) 
ak j i 
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pretation of y as a member of an orthonormal coframe, and consequently 


the .coyerine, map »p < ‘Spin(1,0,3))= Spin’ (1,0,3) > So’ (1,0,3) = 
R? ©) s0(3) = Ce defined, as before, by . > ¥*0(q) = cee ve g” = 


Ei . . . ax 2 
gy g, determines A(g) € G. » where AQ)’, = : og ote 


. ; 9 L i 
this way one may identify 9 , y for they both transform in the same 


Manner (2.6a). 
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where 1, isethe identteyemap of Ry; Ls is the orthogonal projection 


> > > >.-] > >.> a >> 
para ltel=tor @-¢ ie w= (42a) ~(asx)a ), and i % = axe (cross product 


of vectors in Pe ye then, (OR) eG, and with g = Huby Ope 


Y (3.8) 
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Conversely. it “(O,h) © Cy 3 “define a € Re up to + sign, and 
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ae Sse (apie 
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ha = a. Ga = sing am) ; a= cos (5 w) @79o2) 


where w = angle of right-handed rotation about a defined by* 7 R= wT Also 


define: 
=~ 
aD. 1.3) , b= - Sad - axd) (3.9b) 
Ola as : ‘ 
and note then, that atbs-y y y y ec Spin(1,0,3) . The two-to-one ambigu- 
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> =D. >) > => resulting in 
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Before closing this section, there are several aspects of the 


results on pin and spin groups deserving of comment. 
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O(1,p,q) are not even locally isomorphic as Lie groups (of course non- 
surjectivity of po is expected because degeneracy of X => O(X%) is 


non-semisimple => orthogonal automorphisms need not be inner i.e. of the 


Eorm 0 (Gg) ).< 


Secondly, non-surjectivity of 0 as a mapping from spin groups 
to special orthogonal groups becomes an issue when the orthogonal space 
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PONE winscect ron =). 
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Conwell CObs ba3.4, we recover thermCalbilisiusituationsand bemark that 


everything turns out as nicely as could have been expected. 
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1.4. LUlE ALGEBRAS 


If (X,B) denotes the orthogonal space RT P24 , then the 
orthogonal and special orthogonal groups 0(X,B) (= 0(B)) and 
SO(X,B) (= SO(B)) , also denoted by notational abuse 0(X) , SO(X) are 


usually defined thus: 


OCB) A= eiveGlh. (eae Cail. )s 8 Cr.) ai, yee | 
= i( 5 : ae GL(r) , de 0(p,q) , b © End(RP*4 pt) (4.1) 
SO(B) = {A € O(B) : det A = 1} 


= i | e O(B) : det a * det d=1 (422) 


In addition: SO° (B) = {A e€ SO(B) : A preserves orientation on 


each component of the decomposition RrePod ug” ® Rose ® posed) 
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i( y Lie GOO. a= BO Gn@ (4.3) 


= connected component containing the identity. 


These groups are all Lie groups (being closed subgroups of 
general linear groups) and therefore possess Lie algebras. Ordinary 
matrix exponentiation is the exponential map from the Lie algebra to the 
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o(B) (Xs End) Be eee Bao ee On cent) 


= i( Ss C4 End(R*) > fal S 0(p,q) ‘ b € Endteoue > ro 


ds {ate PSA: 4 egies Bi Leas 1G a}: 
(ri Sans Oo. 2) © ape 
= 


(¥.*)} . i #L ssh so9ah : (nS t. a - 7 
: - - | | < ; 7 , +;< 
mm seiiettatveearwmentd |< ice wal = ta) “bz Ter a1 at 
peat m, g Ps, Wate 9 Reis, itlevypoot’: wif Se imenrgind see 
a 
; | Sea! 7 ; (ie ! ow) 
(£44) 7 4 Cpeqs Ge f ety wr'’ " “4 : 


sealcembi arty yo’ atns noe eiragure te. Sagas, = 


$0 oqeotadce bownls gota) oqunig ad We #eu Hanes Send 
qeetteD = jaariegle sis MemaRe (>> Size) bie “saqporg weeaks 
ei) of wreepie ei) ves itt few fe! a oly ak Saat oe 


> tiprdaeie skr di: 207 RI ee eA lee eae ae 


ut 0 = cia pie aglele : Ook ihm thie 


wi ot. CpG Gare CRIB oa! 2 
- 


a3 


SOLE) eee CCB) tr(h) = Oi, tr = trace 
F A £0 (3) == tr(a) = O-= Eri) (405) 
$0 (B) = 40(B) (4.6) 


For the present, we are only interested in the cases 1 = 6,1 ; 
Ge 2 wii b be touched on in section 5. Only Spin cr oped) and 


_ 
SO (r,p,q) will be considered in the Lie algebra context (see Notes). 


The Lie group homomorphism for res f (see Cor. 173.3) 
+ - 
p : Spin (r,p,q) > SO (r,p,q) (4.7) 


has kernel {-1,1} , therefore is a 2-1 covering map (for the relation 
et ; ; mE 
between Spin (r,p,q) and the universal covering group of SO (r,p,q) 
when r <1, refer to the Notes). The tangent (or derivative) mapping 
a 
op, is then an isomorphism at each point of Spin (r,p,q) and therefore, 
a fortiori, a Lie algebra isomorphism (conversely, Lie groups with iso- 


morphic Lie algebras are locally isomorphic): 
po, : soin(r,p,q) > 40(%,P,q) (4.8) 


We now make the mapping p, explicit. As usual, {y*} will 


prsP sd 


form an orthonormal basis of generating R 2 AD sand = 4% 


T,P5q 
will denote members of 40(r,p,q) and 4pin(r,p,q) respectively; there 


will be summation implied over repeated raised and lowered indices. 


One has: 


4 440 e¢9 “Gemit> mia ma basal. ino sth ov , Ueesatq O72 Gat 
bas fy. a) “dhe ae Zi weit sons ao fie ligraMes at Tie = > 


-tvadét aac). sketAr*  actngio eb! ifs al bam ‘tans of itv (pedet 
é -_ _ ie 4 . 


: (0.8.1 ,tocuese) | Y 207 Melirisrons we Sat ott 


Cc. (Z auy Ge r 4,72) at Co}. Ss 


uibeqates irreud) eh mdicwberd-fom et oseerits  (he<} Poegeda 
pagyey v2 rosin! Oniaiveh fhe ower wl ba® Copa.) rq? 


pred gam, Pov lyase brah PO SHe gon? fn Adasen ac? 041 Sae7', 2 = 


4 . : 
seaports ha (oylr.ai ORG Ig intee font De. co ligpomeel ce Bete ee 4. 


+ 


~qet Ale sgeodg Sh! yeTaevdecod) mideprlaigss ed Agte abl « nee Ss 
: . . 
iStAgedm@oel, gljacn! Sy eveegt hf etiqee: 


‘H. A) Cpartyt) 5 AS Perts Meet. yt 


ch Uy) ail tawny aa) Derevt rr 66 “Ti 4gqe: “> GEege ai a 
dy Ls . "4s 8 
6 A ON gaan i ak eT Lemoine na 
oe ee ee ae Se 
es ee 


Ave sa (ri psq).<=- (Say Be (ere, = BY ae tes 
<=> Agere) fe he Noe = 0 
<=> Saas + Bale = 0 (4.9) 
Now 
8 = py, (A) <=> ytp(e%) = Ce cS 
ee eae cet) Pi Opens 
<= pee ae a, 1 (4.10) 


solutions |4%, 4° of "(4.10) ediffertbyta realinumber? (for ifs Ss" 4" 


solve (4.10), then i ="Ov ganas cg’ = s Z(R ) 3; however 
. ts 4: ra > > 
ae Span (r,p,q) =e EtC => 4 © ©} hence Prop. 2. s/t 
+ 


+ 
A 5 6 ZR ies = = for m= 0.) in cact the 
psd ISSAC | E050 


solution as unique (it 4° = crs “for some “ae Rh ) then Ye aR, 


the tame s EsPL= ta ts - tasetsa 
) =e -e e 


e =hew %e and (e en Ce ; but we also have 


' 
) = +1 and likewise for Ae , and therefore find that 


: a 
s= 54, yoy (Geld) 


a ik ; ; 
h A’, = —-B » sand, Ay. FAY] = Ome in fact atrying sa solution 
where j one ie 41 ying 
1 tie, ; ; ons 
hues ea y Y in (4.10) requires (assuming Are Ay, ) 


at = BA which because +r < 1 has a unique solution A. , anti- 
j j = ij 


symmetric in i,j . Explicitly: 


34 


*¢ t LE eto 1) ‘¢ nS? Pt 710) OM 1. te \ om se foe 


‘ ft . , 
‘ wont st eet kaa ph) ber tao a sl wg % rb) evita 7 
| ia F j _ | 
s Pn, i oD: 2e43 f het. i 3 8 . » : <* [t,4 : 1 Wag Be a ¥ 
t i 
rit 7*) ig {) ~ ri “i 4 
A go ak bl { ‘ A et 4.9 1,3 
. ’ ry } , on Ps iets U by Ww) ALT ft 4 
“4 J ~A8 bl ee | 
yon oFLk 8 TL s1= | wy =. |! haste 
"AD 
ans dye? ox PD Bria. 2 Ft OE ale dt | ils f+ 
f ee Be Q“p o ew 
7 y ; 
ef 101.0) og iobsilas sey 
’ a ot « DY og 


-_ - j . 7 a 

7 ‘ a - 

i 5 ae . Sug a 

sete at 43984 ar +0 att ae hae Tm 
7 r ne a 

Aeadnipeg 0 0ls, 


-_ 
Oe 


Aur, = Bi A L Lie Se = 10 and Soler UM <n 


and Bet. = ae are the entries of oa, . 
A. = —-B Me Aa = B aM i = Ls < 
KL KM ie OL a LM 0 nets ie SL ehaial ease K,L,M SS n-L 
; KL ; ‘ 
with Bur = B the entries of the inverse of the non-singular part of 


it becomes apparent then, that (for r =< 1)% 
; yg ; ‘ 
Koons Ps q)) = span ty a eee ues Genoa I 


where the Lie product [ , ] is the commutator. This of course may be 


verified directly, as span. {y 7 794 = js leiseaclosed under ~ [ °,)] “and 
inact [Sy i<j} forms a basis of sSpin(r,p,q) with the usual 
a Gi gi oe he eee seit 
structure constants G YY corresponds to an infinitesimal "rotation 
F eee Dp ee hy Ie ey 5G) el OM a hee Pon gon eo ee? 
dn the plane) (1,5) ): asm a. i bs eye ne ses 
CU Jeo ie Ayer eb ot 
B a) eee a 
We close this section by displaying explicit (physically 
motivated) bases of the bie aleebrass Spied 4) = s0cd3).. 
; : F ; a3 1,4 
ApAn(1,0,3) . As remarked earlier, the orthogonal inclusions R Gok 
es S pre imply the Clifford inclusions R eR R eR 


and hence the Lie inclusions 4pin(1,3) ¢ Spin(1,4) , S5ptn(1,0,3) ¢ 


sprn(1, 4) 


To begin, let y 0 1 ee pewan orthonermalbasiesot 


1,4 


R generating R 


La 


Define: 


ies ie ORS ee 


£1) 


at an 
do Fopy telagyst~ tion cig 8a snl iv 


Hk o's col) aut jaa $nois ye waemoME. 
: tps 2 tA Whee? = Meitlet) svab ; ; 


: i i _ m 
it eau, Seaver To eat | Gporb herby Speke | { .. 2 | ated yo wits 
ait { ' : aoe heenls yt {jf J f te ’ Taher ye ¢? xivoostt 13. 

Léuat ol? atv Bry Se te ie ie] pitnd weak aL +f hy i tort at 


“ne? ome oa” ranecdt ot Lil Mies) vere : tad nihah:s 418 svebounsa: 


4 Pe te As - =. at | ef 4h, 49 aneh qe tpi aie 


be oy ee 


eTivhibedy) od aPieee yebqedendl x3 risa \c tid eealo ow > ee 

, LER el, CAEN) ie O65 of? Fo aed te 

a, he 7 t ado Leister tanogtt ime we peed tit ‘ sifeuas #h ctf . ’ ja 
; bas “ao Sel | rh my 

sort ested” yoyo? es f dnt MeaSoni Mav27t"S file i lapet = : 


+ Ai, fede; fa tincns a (epdtinsS enctagtsal 422 my sped af 


10 sided Tedeutie aw w!.. Met Sd. * 


36 


jr ik oy BEC lee Onn 
ee ae , Ke syy 
S S 
C45 t2) 
[Xe sail Wee 10.4 
Umer eae peepee i 
S S 
A ; 
Wie bOum le ah BC 3s) re pc 7 Sign of permutation. (ABC), of (23) 
and vanishes if A,B,C non-distinct. 
A A 
Thema ne vtae 5 bormsa basisom the de Sibter Lae 
S S S S 
algebra 4pin (1,4) 
KEE AB eC AB AB LC 
gig ace ee eet ke ep eee COREE) 
é C 
os S Ses Cg Sees S 
AB ND ae A _B AB Rea ABO 
[K ,K ] = -e cd LK eS si a6 0 OP a Boe [eae J (45135) 
eis S ams S cues Cg 
A 
(ey Aileen bce ine eae teh a ORES) 
as SPAS S os S 


The Lorentz Lie algebra spin(1,3) , obtained by the embedding 


R sending YO to themselves, induces the Lie 


ee) esha het 


algebra inclusion: 


ee ee (51) 
S Ih S 


Wibhelresprodicts as imiC4.13)6 


‘aap. , ; : R ; : 
The Galilei Clattord inclusion 1.0.3 (S See » aS mentioned in 


section 1, induces the Lie inclusion: 


A A il Oe Aa eA 
JiR SA ia® ai, Ke = > Op ane Ont (4.15) 
G S G 
and consequently the products: 
Ave 8B AB _,C AUB 
G G G G G G Coax 


ist.h) 


y) 
(4%) +6 WA) vo) 343 wee 


ssnicatu 


. + 
te milk * ., 


% 
- 

_ 

_ 
4 a a 

C= D,8 a pf ot iw 

~ 
o S.0,A $2 Sorfetosy Bae 


he 


Salil ! A it] | al weit da inza3 #8 ‘ 
5 ' a 
Kat) bee srideg 
| Sj | % BY : 
A é Shi _ 
(tics s) : = | 4 LJ ' *.. =i) . 43 ‘ Ths he f ‘s 
~ a. © ir? as , 
’ ae i } » ah 
\ : s) be . | AJ e i = = |} i e 
) a ) 
: f : A 
(4c lie) ’ ms (| 3! ° { ie at ‘ Ny 3, til 
R «& Fe 2 2 use 
uohbiedim 093 1 bY io Lava mig ¥ ' , pth't a 
© f G : 
4 “3 Niatts i > i peat ‘x at - 7, Af Ay wie rn) 4 
, 4 
yell ay A 
itd) Me a Oy? Apa Me 
. J © 
, 
’ ej 
® 01.0) Rt. de Sphere 
- @  ? : o = 
: - S = TP | 
a a 
=a. , _ f 7 | a 
” > tt Pinekowam 45) Ai toy gotavioe: be am a | Sh) ee a 
-_ : Qs 7 oo —s 
7 as i en ea) a eh 
is 7 iobritiowt a2. aides estes 4t eaks: 
7 : 7 , 7 he. 


a 


T.3. “HIGHER DEGENERATE SPACES: SPIN(2,0,3) 


The theorems and corollaries of section 3, in large part, 
concern Spinvand pinvgroupsvoi type (1j,pyq) , and it was found, ‘roughly 
speaking, that Spin(l,p,q) is the two-fold covering group of 
SO(1,p,q) which is, again roughly, the inhomogeneous SO(p,q) i.e., 
the semi-direct product of peta with SO(p,q) . Put another way, the 
obvious spin group analogue of RP*4 &)so(p,q) is surely 
RP*4.G) spin (p,q) (the action on Berd being through p ) and it is no 
small anticlimax that this is exactly what the generalized definition 


yields: The details work out without wrinkles, almost too easily. 


Things, however, become more interesting for spin groups of type (2,p,q). 
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following the quantum mechanical formalism, but rarely is it justified 


in a purely group theoretical manner. 


In seeking such a natural development, one cannot help but 


notice these facts: 


. sp 
(i) the groups RP 46) s0(p,q) siptq > Je @navertrivaal Hocal 


central extensions (Bargmann (1954)) e.g. Lio has only 
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The hypotheses of the lemma of section 3 are satisfied: 
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To simplify still further, let K(p,q) denote the group 
RXR" xR” with product: 
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where B denotes the bilinear form on R xR’ whose matrix representa- 


OB 
tion is - As B is non-zero and skew-symmetric, K(p,q) is 
-B O 


a non-trivial, central extension of Ro xR” by Re (e-f£. Bargmann, ©1954); 
and obviously K 2 K@ed) =a Heisenberg group (Perroud (1977)) of 


dimension 2n+l . 


Finally, the action of Spin(p,q) on K(p,q) is the obvious 
one, got from the semi-direct product structure of Spin(2,p,q) . Rewrit-— 
ing Spin(2,p,q) = i((8,x%,x),a) : (222s) e K(p,q) , a © Spin(m.q)} we 
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i 2 1 2 
as ss > > 
This completes the proof. 0 
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Rx{-1,1} (where R= {1+ 0 8 ¢€ R}) and hence 
Rego dele Spin (25 p, q)eio (Spin (2sp,q)) = R™ © so(p,q) is short exact, 


displaying Spin(2,p,q) as an extension of R22  s0(p,q) by Rx{-1,1} 
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The special case p= 0 ,q= 3 is not surprisingly, of some 
interest. The group R°@) s0(3) is known as the tsochronous Galilet 
group (Lévy-Leblond (1971)) and its trivial central extension 


Rx (R° ) S0(3)) is the statte group (Bacry, Lévy-Leblond (1968)). 


We've shown that Spin(2,0,3) is the spin analogue of a non- 


trivial central extension of the isochronous Galilei group by R. 
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Notice also that the Carroll group (Bacry, Lévy-Leblond (1968)) 
has its Lie algebra isomorphic to 4pin(2,0,3) (Bacry, Lévy-Leblond 


(1968), Pawl6l2, Rootnote)). 


The largest group of space-time transformations leaving invari- 
ant the free Schrodinger equation, called the Schrédinger group by 
Niederer (1972), turns out to be precisely OM COMUNE) = R° © (SL(2) x 


SO(3)) (see Notes). 


Assuming the goal to be a definition of Spin(r,p,q) as (at 
the very least) a covering space of SO(r,p,q) , we have failed in the 
case r= 2. For example, it would have been pleasant if Spin(2,0,3) 
were the spin analogue of the Schrodinger group (or better, of its non- 
trivial, one dimensional central extension). What has happened, is 
that from So 1 Ch0.3) = R° G) (SL(2) xS0(3)) , the spin group construction 
has ignored the SL(2) part and in its place, put R (which is the group 
involved in the extension of R° © s0(3)) ,» then taken the double cover. 
It is not at all clear how to remedy this situation; for further discus- 


sion see the Notes. 
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I.6. EXTENDED GALILEI GROUP: SPIN ANALOGUE 


The extended Galtlet group G.,,(m) (with real parameter m ) 


tik 
is a one dimensional, central extension of the Galilei group Gio = 
4 oa 3 
R @)S, = R GS) (R ()s0(3)) by the additive group R. As hinted at in 
the last section, the multiplication law of Cig is as tollows: 
>> = 
(b,a,v,R) (b',a',v',R") = (b+b' ,vb'+a+Ra' ,v+Rv"' ,RR') (621) 


dies (ghee Pree Re Gye ony: 


Miltiplication in) 0G is defined by: 


Wah 
(6,b,a,0,R) (6',b',a",v',R') 


= (G40'+E ,btb' vb" +atKa' ,v+Ro' RR") (G2) 


The importance of G_,,(m) in non-relativistic quantum mechan- 


ip 
ics was pointed out by Inénii and Wigner (1952), Wightman (1962), and it 
has been analyzed by Bargmann (1954) (see also Lévy-Leblond (1971), for 


a detailed discussion). 


Bargmann's analysis shows that when m#O , G5, @ is not 2 
trivial extension of Cio . This means that G1, F RxG1 9 , when 


m #0 3 of course G14 0%) = RxG ag dis plain fronms(6.2) an In tact, 


Og 


every non-trivial central extension of Gio by R is equivalent to 


some GC), @ , m# 0 (see the Notes for a summary of some of the 


relevant aspects of extensions). 
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The Lie algebra of G,.(m) has a basis: 


al 
A A 
iy ee ee. He. 50 ie BR 3 
G G G G G 
with products: 
AS AB C A B 
Lida) Stee eb uide ilic © 1K gordi Jaebelesgemaene (6.34) 
G G G G G G G G G 
A ARB: 
He eee es Gwin ea eae (6030) 
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A A Age 
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Je, Ol-= [Kk e)), =" [Po] =) [n, 61.0 (6.3d) 
G G G G G G GG 
Note that (6.3 a,b,c) with m= 0 define the Lie algebra of Cio : 
(6.3d) displays the central nature of the extension 65, ™) GE Cio 3 


Since products of one-parameter subgroups fill out a neighbour- 


hood of the identity, we may define 


ay ay SS 28 aS Ss 
g(6,5,a,v,R) = exp(6°0) exp(b:H) exp(a-P) exp(v-K) R (6.4) 
G G G G 


>> * 
for 6,b,a,v sufficiently close to zero (where exp denotes exponential 


map, a-P = eee oF arp ar aps etc.) and thereby recover the multiplica- 
G 


G G G 


tion law (6.2) locally at the identity; 
Fr = 
g(0,b,a,0,R) g(e'ep' a's fh) 
z g(ere'ts ,b+b', vb'+atka' ,v+Ro! ,RR") 


The actual calculation is very tedious and makes repeated use of the 
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Campbell-Baker-Hausdorff formula (Varadarajan (1974), pp. 114-121) and 


thesrelations (6.3). 


In this section we shall show, by Lie algebra methods as opposed 
to direct calculations as in earlier sections, how the spin analogue 
Spin (G,, (m)) of G,,(m) fits into a Clifford algebra scheme. It will 
be seen how Spin(G,, @)) and Spin(L,,) , the spin group of a (neces- 
sarily) trivial central extension by the group R of the Poincaré group 


Lig ,» are related as subgroups of Spin(1,1,4) 


A faithful, hence reducible, six dimensional representation 
(that induced by the spin group projection) of Spin(G,, (m)) is given 


and its relation to the groups SO(1,1,4) and S0(2,5) discussed. 


To indicate briefly why one might expect to find the Galilei 
spin group R’@)Spin(1,0,3) inside Spin*(1,1,4) , recall (Cor. 1.3.3) 
that Sil (Gl aibA) = R° © Spin” (1, 4) . Therefore naively, one would 
believe R* © Spin (1, 0,3) S Span Ries) , if only because Rt e R? and 
Spam Cis. 3)) se Spin’ (1,4) > there te >more to ,it however. First of all; 
the embedding Spin(1,0,3) ¢ Spin’ (1,4) is rather special; secondly, 
one has to worry whether or not the actions, appearing implicitly in the 
semi-direct products, respect this embedding. We leave this point and 
return to it later. Just why the spin analogue of the extended Galilei 
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group G,,(m) should sit inside Spin (1,1,4) is somewhat obscure; 
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ford inclusions induce Lie inclusions, and recalling (4.15), we have for 


the generators-of sSpimt170,3) 
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ab iL O24. A 
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With Lie products (4/16). 


The remaining generators appearing in (6.3) also can be 


realized within 4047(1,1,4) 
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moreover, (6.4 abb) satisfy the Lie relations (6.3)! of G1, ™ £or 


m#0O. The Lie algebra defined by (6.5 a,b) is what is meant by 


Sptn(G, , (m)) : 


One might justifiably wonder what happens when m= 0 , expect- 
ing to recover Spin(G, 9) . Remarkably, Sp4n(G, 4) does not sit inside 
Spin(1,1,4) even though SpintG, , (m)) , m7 0, does. This is discussed 


further in the Notes. 
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As Spin(G,, (m)) is not defined a priori, the "correct" 


definition is motivated, by Prop. 1.6.1: 


Spin (G,, (m)) = the unique connected Lie subgroup of 
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We now indicate how the spin analogue of the Poincaré group 
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and Lie products: 
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Remembering the characterization of Spin(G, , (m)) as a subalgebra of 
Spxn(1,1,4) , one verifies by a simple calculation that the centralizer 
ef Spin(1,1,3) in 4pint1,1,4) (i.e. those elements of 4pi1(@ .1,4) 


commuting with 4pin(1,1,3) ) is just ae . Defining: 
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Lye bebe ek 
Oreo crG. 1.4) 28 (Clearly L,, is to be thought of as the direct pro- 
duct RXL 9 , that is, as the (necessarily) trivial one dimensional, 
central extension of Lig by» K 2) With this in mind, Spin (L,,) = 
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Spin (L, ,) = unique connected Lie subgroup of Spin (1,1,4) 


with Lie subalgebra Spin(L,,) =R® Span(L, 4) 
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Spin(L,,) = Ad (Spin (1,1,4)), = {Ad(g) : ge Spin" (1,1,4),Ad(g) 9 = 6} 
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We return now to Spin (G, | (m)) and derive the 6-dimensional 


representation of G,,@ induced by the spin group projection 


oar Spin (G,, (m)) > G2 (m) 
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As mentioned in section 3, we have a right action of 
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Spin (G, , (m)) on coframes (y ee 


(m) 


which induces a linear representa- 


tion i of Spin(G,, (@)) in Ci 
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where one verifies that A(gg') = A(g) A@') . Now (6.4) parametrizes 


Spin(G,, (m)) near the identity and aso: Spin(G,, (m)) >"Ceoi(m) has 
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kernel {-1,1} , we obtain a parametrization of G,,(m) near the iden- 
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where the matrices are 6x6 and in blocks; rows and columns are labelled 
> >t 
OR Dr 2 So een eae) stand for 3xl and 1x3 matrices respectively; 


t denotes transpose. 
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and the multiplication law (6.2) is verified by matrix multiplication. 
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the lower right 5x5 blocks provide the representation of Ge within 
+ 
S59 = SO (1,4) obtained by the embedding of Spin(G,) within 


Spin (S, 5) 


The realizationsnot Spin(G,, (m)) an Spin’ (1,1,4) and 
G1, @) in Ses gs are more significant in the light of the work of 
Doebner and Hennig (1974, 1976), who classify all real simple Lie 
algebras containing Spin(G, , (m)) , m # O , and certain non-semisimple 
algebras containing Span(G, 9) and Spin(G, , (m)) , m #0. The smallest 
simple orthogonal Lie algebra containing Spin(G, , (m)) is, according to 
Doebner and Hennig, 40(2,5) . This fits in nicely with the present 
work, for the Clifford algebra / spin group (corresponding to a non- 


degenerate orthogonal space) which minimally contains the 6), @) Lie 


algebra / spin group is Ry 5 if Spin es) (indeed pirl,4 e poo is a 


4 
‘hg e My a Sypehe, (ales) 


e spin (255) and therefore also G4) e 80 (11-4) e 50° (2,5)). 


minimal inclusion by Prop. I.1.1 and induces R 


In addition to the embedding of G,,(m) into S0(2,5) , 


{hal 
Doebner and Hennig also indicate the inclusions C1, ™ e R° G)so(1,4) 
(as we've already discussed, R° 6) so(1,4) = SpamiCl les) e/a ie) a ali 
G,,@) © Rr’ G (sL(2) x S0(3)) =) "Recalling trom section 5, 


+ 6 + 
SO (2,0,3) = R-(s)(SL(2) x $0(3)) and therefore G,, (m) ¢ R@)SO (2,0,3) 


as might have been expected according to the realization Cio c 
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Doebner and Hennig (1974), also ask for the construction of a 


W1™ and Lio embeddings such that the embed- 


ded algebras intersect in the Euclidean Lie algebra R° @)s0(3) ee: 


dynamical algebra with G 


minimal such orthogonal algebra is provided by 4p4n(1,1,4) with Eucli- 
dean subalgebra generated by (oe = p : p* = py (See (6.35 6). 
G L G L 
A final incoherent remark. Because there does not seem to be 


any orthogonal space whose corresponding spin group is Spin(G,,(m)) , 


and given the realizations of Spin (G,, (m)) within Senn GL keh) and 


RG) Spin(2,0,3) ,» one ought to look for a new definition of spin group 
that deals better with the higher degenerate cases. Perhaps such would 


+ 
yield a compromise between 2° (3) spin(2,0,3) and Spin (121,4) 
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I.7. NOTES AND REFERENCES 


Clifford algebras have been around for some time. Dieudonné 
(1963), cites the 1870's work of Clifford (1876, 1878) and Lipschitz 
(1886) in the 1880's as two of the earlier developments. Clifford called 
them geometric algebras. In fact, the theory of quaternions of Hamilton 
(1853) and others was well developed by 1860 before Clifford made his 
generalization. Moreover a related theory of "biquaternions' useful in 
representing motions of the plane was discussed by Clifford (1873; the 
popular term for a combined rotation and translation was "screw motion"). 
While little seems to have been done in the study of (C(X) for arbitrary 
degenerate X , a class of algebras (similar to Clifford algebras and 
whose generators satisfy relations (1.3)) have been introduced by 
Eddington (1928), and studied in detail by Landsberg (1947). Modern 
accounts of orthogonal spaces and Clifford algebras may be found in: 
Artin (1957), Dieudonné (1963), Cartan (1937), Chevalley (1954), and 
Porteous (1969); of Clifford algebras in: Souriau (1964) and Atiyah, 
Bott, Shapiro (1964). From a physical standpoint one might consult 


Baery (1967) and Corson (1953). 


On the dimension of a Clifford algebra, see Porteous (1969), 


pp. 243-5 for example. 


Concerning Thm. I.1.3, more can be said (here without proof) 


in the following generalization: 


Theorem: Let Oe wees be a not necessarily linearly independent 
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subset of R P94 » N = ptq , Satisfying the orthogonality relations 


(1.3) and generating a Clifford algebra. Two cases are possible: 


CasesA:” yy 2007. 
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ifn “is even or if n is odd and 


p-q-l # 0 (mod 4) 
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0 
Case B: y #0 and we have Thm. I.1.3 (note that the relations 


; Ome 
(13) Samp ly yay pony linearly independent or y = 0). 


Concerning R which is clearly isomorphic to the exteri- 


1,050 


or algebra on RT ; we have in addition to Prop. 1.1.4; 


+ 
Proposition: ae 0.0 is an abelian algebra and consequently, is a 
rae) 
+ 
Clifford algebra only when r < 2 (and then ee = eee when 
I ee) U 


Note that the only orthogonal spaces R'?Po4 that allow abelian Clifford 


algebras are those with p=q=0 . 


The anti-involution of reversion can be seen to be the compo- 


sition in either order of the main involution and conjugation. 
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We explain the quantity u(I,J) which appears in yy = 


Gin dp oyi , when Of J. After a few moments thought, one may be con- 


vinced of the truth of the following expression: 
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where o(I,J) = ) o(I,j) , o(1,j) = number of members of I greater 
Veo 
; e(I,J) 
than? wi ve .lhesfactor «(-)) comes about in the reordering of the 
set IuJ , and Il Cag because each index iceInJ disappears in 


Lely) 


: , ibe dl : ; : - 
simplifying y y . This discussion is taken from Dieudonne (1963). 


For example? (1 =)10.2,324) 4.3 = 11,24) == TAj = 10,1,3) -and 


OLS 3) yo, 1) + pl, 2) 4 CL, 4) = 34240°= 5° so i (i,J) = ene 


De 27 432 22 724 : 
Cyn Gra) = = (yy e , which may be verified by direct calculation. 
The result of Prop. 1.1.5 ¢éneralizes Prop. 13.43 of ‘Porteous 
(1969). 
Related to Prop. 1.1:6 is the fact that the radzeal (maximal, 
hence two-sided, nilpotent ideal) N of Re ae is the ideal generated 
) > 
by those basis elements of Rr?P>d whose Squares vanish. That is: 
af aoe r 
Na ) ay ia, & feet Soave Wanye may, are those 


pak 2d 


members of an orthonormal basis of with squares 


zero} 


N is clearly two-sided and nilpotent of index at most r+l ; that N 


is maximal follows because: 


Ci)™ by its structure, x : is known (Porteous (1969), Prop. 13.27) 


to be semisimple, or equivalently to have radical (0) and 


2 


Cid), -R J/ N=R as can be verified directly. For background 
r,P5,qd Pq 


on ring theory, consult Curtis and Reiner (1962), Ch. IV. 
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The discovery of spin groups in their general mathematical 

form (at least for non-degenerate orthogonal spaces!) is usually credited 
to E. Cartan (1913) on the basis of his 1913 paper. Understandably at 

the time, these spin groups were usually regarded as "double-valued repre- 
sentations"” of their corresponding orthogonal groups. In fact, the very 
construction of a spin group in terms of a Clifford algebra embodies this 
"double-valuedness" (which has its cleanest manifestation in the isomor- 
PUtsMs: Sopin()/1—bol i= SOC). Pin) /1-1, lL) = 0M) Ye ftor so noen— 
degenerate). Intuitively, the ae "Ss form a, isquare. root of tie bil ameag 
form pid ; Square roots are unique-up-to-sign, hence the double-valued- 


ness. 


Cartan 's cemstruction (which may be found in his book (1937)) is 
a trifle obscure, however it is such as to give a geometric interpretation 
of sptnors (those objects on which the members of the spin group act; 
in modern terminology, spinor space is merely the representation space of 
a spin group). At about the same time Cartan's book appeared, Brauer and 
Weyl published an important paper (1935), stressing the Clifford algebra 
aspects. Noteworthy was their emphasis on the Clifford algebra, intro- 
duced by taking the "square root" (a la Dirac (1928)) of the underlying 


quadratic form. 


While Cartan developed his version of spin group (of a non-degen- 
erate orthogonal space) as an outgrowth of his fundamental work on semi- 
simple Lie algebras (and it should be added, in a form general enough to 
encompass all the semisimple orthogonal groups O(p,q) ), the seeds of 


the general theory were present some forty years prior! Indeed, there is 
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the work of Clifford already referred to (§1), but even closer in spirit 
to the modern formulation are the works of Study (1890, 1891) in the 
early 1890's. Study obtains a representation of the group of Euclidean 
motions of Pe in a) formyanazinely iclosestomthat of Cor. 13.6.0) leuwas 
a source of dismay for the author to have found it in Study's paper after 
having jré-discovered it in» the form of Cor./1.5.6. (One cam only specu— 
late on the outcome had Cartan known of (or if he did know of it, had he 
further developed) the work of Clifford, Study and others (see also 


Buchheim (1885)). 


Briefly then, there appear to have been two lines of develop- 


ment. 


Earlier was the quaternion-motivated work of Clifford and 
Study which seemed to die out near the beginning of the 1900's only to 
be born again in the work of Dirac (1928) and Brauer and Weyl (1935) (in 
a generalized form), and eventually lead to the modern developments which 
are now standard: Artin (1957), Atiyah-Bott-Shapiro (1964), Chevalley 
(1954), Dieudonné (1963), and Porteous (1969) to name only a few. Brauer 
and Weyl evidently did not know of Study's papers, for if they had, then 
they would likely have obtained some results similar to those of this 
thesis; they probably had no good reason to consider singular quadratic 
forms. Coincidentally, also in 1935, there appeared a book on kinematics 
by Weiss (1935) wherein the results of Study are made somewhat more acces- 
sible; Weiss however seems to have been unaware of the relation between 
biquaternions and degenerate bilinear forms. Study's work lives on, and 
in unchanged form, in the 1950's textbook (also on kinematics) by Blaschke 


and Muller (1956). 
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The other main line of research was initiated by Cartan as a 
byproduct of his work on Lie algebras. His approach though, was geomet- 
rical (as noted previously) and sufficiently remote from the other mathe- 
matics of the day as never to have been in vogue. Today it is virtually 
unknown, but like much of Cartan's work, probably deserves a close re- 
examination. Incidentally, Penrose's geometrical interpretation (1968) 
of spinors is in somewhat the same spirit as Cartan's and a detailed 


comparison might well prove interesting. 


A comment on right actions. If % denotes the mapping 
Oe) Ka eX. by (G0) ee chen tor o-g we.) (Xe and ss .Gee. we 


have: 


t 


=f =) A_;4 
Sa 


=| A 
o(g",0G,2)) = Gg -= @.2)g =a 


(gg')* a(gg')” = (gg',x) 


This defines 9® vas a right, action.of 91%) on .x..7 if (x5) are the 
: i 
components of x ¢ X with respect to an orthonormal basis (y ) , and 


if A= p, (9) is the linear mapping of X induced by g , then 


= ea J and ap (9) = (oN 5) in components relative to (y*) 
J 
Finally, we add a few remarks on the semi-orientations of 
ay =P al as 
RP>d otf A= SONest epee, P a= => 
ed ] ] 
q q 
eli one P di =1 #¢6e°, e¢= ayes © and hence 
Bat 
] 0 ] b ] 0 a 0 
A= | P r : ety 
OF da Oa se il 0 I 
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Wrehethesresilt thats on a=adetwi y= det (da. det (a t ji, ori-det(d) = 
madet(d) .aaNow. SO(psq)Sacoisists of those Ji < O(pyq) * stchsthat 
-jt F 
det(d) + det(a eel ae mde (a) = cdet(a) a9 and 16 sige 150 (pieq) 
preserves the orientations on RP and Ra, we have in addition: 
+ ap 
dew) e208, deta). OF etnus SO (p,q) = ae | 0(p,q) 
deta) 08, det(d).= 0 and the decomposition (7.1) shows the connect- 
oe 
edness of SO (p,q) to the identity (see Porteous (1969), p. 427, for 


Spin’ (p,q) Me 


P 


To “see why (3.2) is true, Ge°is more: convenient. to work ina 


ih 
has the form g = | ] 
(el 


basis in which g = (g 7) This may be 


achieved by a change of basis, and with respect to such a new basis 
“Oras =. (070, 0-0 V2) . A tedious but straightforward calculation using 


~ + 
matrices then shows SON CINGES) = SO (1,4) ae Equation (3.1) follows 
iu 


directly without any need of a basis change. 


The fact that every member of Pin(p,q) is a product of 
members of RP?o a is intimately related to the corresponding 
result about O(p,q) . This theorem for O(p,q) , due to E. Cartan and 
Je Dieudonne (See Dieudonne (1963), 6°— SLs Artin (195/), Thme 3.220; 
Chevalley (1954), 1.5.1), is central in the theory of orthogonal groups 
and says roughly that every orthogonal transformation is a product of 


reflections in hyperplanes with non-isotropic orthogonal complements. A 


special orthogonal transformation (preserving orientation) is a product 
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of an even number of such reflections. The relation to Pin(p,q) comes 
about because if (y*) is an orthonormal basis of RP>4 generating 

A 2 
a a then ¥ © im(p.q)) sand oy) € O(p,q) is the reflection send- 


ing (este, Hi 5°78, % ) Loma "t,-@ yore a) , n = ptq . 


1s 


84, 


Chevalley (1954, 2.9) discusses the Lie algebra structure of 
T(X) for X non-degenerate, and even some of the global structure of 


Pain (&) 


+ 
As a rule, Spin (%,p,q) is not simply connected. We deal 
+ 
Only withers lin fact, by Cor. 1352.5 spin (1.p.q) is homeomorphie 
+ 
to R- xSpin (p,q) with the result that the homotopy properties of 


+ 
jester (@leuey are exactly those of ~Spin (,q) . If x= gue ; Be Fi 


Git dest ies 


R oR then (Porteous (1969), p. 427) eogin! aued ie Oe en Oa 


ti a-lsd) 5 t=1,1) ©R respectively. For all other RP od 


Sith Coaep) is connected and we concentrate on these cases (i.e. at least 
one of p,q > 2 ). We determine the homotopy groups 7 (80° (p,q) and 
then use the fact that Soin Conan is a double covering of SO (pea) 

to determine n, (Spin” (p,4)) . By the Iwasawa decomposition of 

0° (p,q) (elgasons (1969), 9Ch. Vive thm); eR COMCHDD) is the same 
as 7, () , where K is a maximal compact subgroup of so’ (p,q) oe 
this case, K = SO(p) x SOG) Wolf (1967), 9p. 341)5 Thus 

T, (SO" (p,q) = T, (SO(p)) x 7, (SO(q)) . Now 7, (SO(n)) el are Las Z, 


daecondime as. n=l ; m=2),.n-2.) (Steenrod (1951), (522), and, therefore 


(for (p,q) 7 COO) La Oa CO) Ls.) ) 
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a 
m, (SO (p,q)) = Z, 4 2, *L5 pe a7? Xe ACcordinge as p—i a) oT 


Z 


p-2), q=i = in’ the case of Z, s Psa = 2 in themcase or Z,%L, p= Le 


CaeeOm p= 2) d= leesinetnescase of 720%) p=2 6 q- 2 ot wp 2. 8q=) in the 
case of Z,%2 > and p=q=2 in the case of ZxZ . Thus r, (Spin’ (p,q)) 


1s simply, doubly or infinitely connected according as p=l1 , q>2 or 


p-24),09-1 ¢ p,q 25 at leastione of p,q “equale 2 “respectively. 


P 


The so-called Schrédinger group seems to have been considered 
first by Hagen (1972). Its structure has been discussed by Perroud 
(1977), in particular the isomorphism with R° G) (SL (2) x$0(3)) a 
Niederer (1974) considers the Schrédinger group Sch(n) = RT 6) 
(SL(2)xSO(n)) which is isomorphic to sO 0) , while Burdet, Perroud, 
Perrin (1978) claim the "true quantum mechanical Schrédinger group" to 
be essentially SO(nORn) but with SL(2) replaced by its double cover- 


ing CEhie was still fon spin zero): 


At this point it's probably worth commenting that from quantum 
mechanical considerations (spin up, spin down) a spin group ought to be 
a double covering of a "spinless'" group, but from the standpoint of uni- 
tary ray representations it would be nice if a spin group were simply 
connected (c.f. Bargmann (1954)). As just mentioned (84), Span) Cope) 
for r= 1 , is simply connected only when 7p=l), q>2 or (p-2 , q=l 
(e.g. Spin(L¢é) , Spin(Gg) are simply connected. However, one physically 
significant case where the spin and universal covering groups differ is 


for so’ (2,4) , the conformal group. 
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In wondering how to modify the definition of Spin(X) to 
achieve a more satisfactory structure when X is degenerate, one thinks 


immediately of the following: 


(i) maintain Spin(X) < '(X) but change the condition Ng) = +1 
(this is doomed because g ce I(X) => N(g) € R and alteration 


of g by a factor is inconsequential generally). 


(ii) abandon Spin(X) < [(X) choosing a possibly larger subgroup of 
CX) that acts “naturally” on xX. (This is probably the way 
to go, for when X is degenerate, C(X) is non-semisimple 
as also is SO(X) and consequently automorphisms of these 
objects need not be inner; whereas in contrast, [I(X) acts on 


X essentially by conjugation i.e. inner automorphisms.) 


No good ideas are forthcoming. 


As promised in section 3, we discuss various matters related to 
semi-direct products. A semt-dtrect product of a group H by a group 
K is a group denoted {Que and an action of. 2 som (precisely. 
there is a homomorphism y : H~> Aut K esuch that K(s)B (also written 


as) K(X) to ‘emphasize x9) “is the group (KxH;*) 
Ge) ee oh!) = (ke ie) ehh") Cia2) 


The direct product (denoted simply KxH ) is obtained by taking yx to 


be the trivial homomorphism: y(h) = id, ot K Note that 
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K = {(k,1),) 3ikte K}e, Het Ce) es eeu eeare subgroups of K(S)H 
with K normal. Purthers @x(6)ite= KH , Koi = eeu , and the action 
of H on K is recovered by conjugation of K by H (for 

Gene Ch egy = (x Ch) (k) , 1.) ). This characterizes a semi- 
direct product: if G is a group with subgroups K,H such that 
ee ee) ee i) ei omnal in 6G 2 then 

G= KQ@H where y(h)(k) = Tienes : 

Supposing then that G has subgroups K,H satisfying the 
Cordlerons ei) Cid) neti) wath y € Hom(H,Aut K) as above, the kernel 
of x is easily seen to be Z(K)nH = {th ¢ H: kh = hk , Vk © K} . Then 
Z(K)nH <G = K*H and: G/Z(K)nH = K(S) (H/Z(K)nH) as well as G = K@H. 
The point to all this is that the action cf) “on Kis not 2; 7ecrive 
€(xGh) (k) = k 5 Vkoe K=> h= IL a 2 inte Bee , but the induced 


action of H/z(K)nH on K is effective (see Jansen, Boon (1967), 1.6 


ANGMpes oy ex. ol, ton more diseussiom). 


We now turn to the matter of extensions of groups. Given 
groups K,H the group E is an extenston of H by K if there is an 


exact sequence of homomorphisms i , p : 


K 


with i one-to-one and p onto (exactness at E means im(i) = ker(p) 
and hence by identification E/K =H Jew Notice that the action of 

on i(K) by conjugation induces an action of E on kK. An extension 

E' of H by K is equivalent to E if there is an isomorphism of E 

to E' that respects the exact sequences defined by E,E' . The exten- 


sion is tnessenttal or trtvtal if there is a homomorphism j : H>E 
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such that p(j(h)) = h , Vh © H ; the sequence is then said to split to 


the right and E is called a split extension. 


A basic result is the following: 


P 


i 
Proposition: The extension K > E > HH Vas trivias (splits) af and 


only if E is a semi-direct product of H by K. 


Proof: (sketch): If the sequence splits, define x © Hom(H, Aut K) by 
i(y(h) (k)) = j(h) i(k) $C) St hen ae = WOE Conversely if 
E = KQH , define i(k) = (k,1,) , p(k,h) = h, and j(h) = (1y,h) to 


establish that the extension splits. O 


A case Of particular interest is that of abelian K {tor 


ee » one readily verifies that K is 


given an extension K 
an H —- module (with action yy of H on K_ defined by: 


i(x(h)(k)) = «2 i(kja + , where xe p(n) cE) 


eG yea 


A central extenston K > H (K is now necessarily 
abelian) is defined by the requirement that i(K) be a subgroup of 
fle) fhe. centre of Eo: jn this case. (the action of 1H -onleK. ds 
trivial and therefore, by the Proposition, a central extension is triv- 


ial if and only if it is a direct product. This explains what is meant 


when it's said that G44) + RxG1 9 for ms 0. but G5, 60) = RxG, 4 


Why do we care about central extensions? If a quantum system 
has a symmetry group G , then there is an associated ray representation 
in the Hilbert space of the system; that is (assuming a unitary ray rep- 


resentation), we have for g,g' ¢« G , unitary operators oe : Ue and 
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a complex number w(g,g') of modulus one such that: 


UU = .g') U ee 
als w(g,g") va Cia3) 


" pa! Peet. ee 5% ee eG.c |) 
atters are simplified 1f we suppose a priori that w(@,g¢') =e - 


with € : GxG +R. We want to extend the group of unitary operator 
rays Bey : | | = 1}, to a bona fide unitary group of operators 


U, aye on an extended group Geonec by ha. i such away that. U 


is a representation of G extending the ray representation U : 


~ ~ ~ 


U U =U) : 
(e.g) "(8",g") ~ 9¢0,g)(6",9") Se 
with Ug) = ate Oe and multiplication in G (CG) Cor ga) = 
(8+8'+E(g,g'),gg') . It happens that the central extension G so 


defined, is trivialessentially if. €(¢,¢.))="c(gg") =ct@) = 7%¢') for 


ic(g)y 
g 


a unitary representation). For details see Bargmann (1954), Moore (1970), 


some ¢ : G->R (then G = RxG » direct, product, and (4° e is 
Mackey (1978) and Lévy-Leblond (1971). For background on extensions 
generally, see Cartan, Eilenberg (1956), Ch. 14; Hilton, Stammbach (1971), 
Che, 6, 7 and especially ex. 6.10.1 forsa general treatment of multiplier 


functions (as in (7.3)) for non-central extensions. 


As mentioned earlier, Spin(G, , (m)) Se Apinl4) for ‘mrs 10n, 
but Spin(G, 9) ¢ Spin(1,1,4) . This explains why the limiting case 
m= 0 in (6.5) is, in principle, not feasible (no matter how we represent 
Sptn(G,, (m)) as a subalgebra of 4p4n(1,1,4) , the limit m-+0O will 
always be singular). The impossibility of embedding Spin(G, 9) in 
Sp4n(1,1,4) is shown as Folllows;) the relations (6.2 a,b,c) awiLene mm = 90 


will be shown to be untenable within 4pin(1,1,4) 
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The generators ie sls A =2, , determinevas basis of 


40(3) = Sptn(0,3) < Sptn(1,1,4) , and therefore generate a subgroup of 


eT ‘ ; 
Span (1. 4)e visonorphic to opin(0,3) 2 But (then ae ee yaa ; 
for some orthonormal basis ae of ae e aisle” generating 
R en . Extend Paar to an orthonormal basis ee 
OFS JL ailgaa 
oe ee of Sonny which generates Ry Tis Next determine the form 
> > 
of Ke » eiven that aa = ae pee r (K’ Ky =0 ; that is we must have 
(summation convention used): 
TN SAN, NO ON he Ea 
Re ep ie Be ee 
A 4 A - A -14 
+o au + Ty yt +wy n (7.36) 
A A 
£Or constants me 5 - A os at78) OER. ee f oe to, be partially 
B B B B 
A _B A Cc f 
determined. Demanding that [J ,K ] =e eax ewe finds 
A A Aa A te A A oe A 
r Be rA26 pag eat 6 ee cane: 6 n°? RB 0°6 B Cita) 
Be Eo 6 (7.7b) 
-1,. A : 
and so KA = te + Cie + ney + o°y )y . The requirement 
Kee) = 0 then implies: 
= 00" ee 7S) 
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KS = (Gy tary") ef ory ye CAS) 


eo grape lie 


vr &, 


> 36 
ny 
T 
| [me e900 Fat 
P ‘ # 4 » | e 7 
. R Li fois o@iitcnesT «6. Sankeeedab) 
‘ » OW » P eal i ; 
- 4 
A = 
r a % 4 . | ; : . 7 
‘ 
2 
é ° ‘ 
® a 

Sf A uv ‘ , 
ty*9 hie: tf - qt 4 ,* é » \- . ii} + ‘3 ait 4 oa bas 
, , dys 

stfqat anata GO © *s 1s 

7 

, 
— 7 Poe 1 . \l A 4 2 ’ 


a : a 
Saul! el nott _ ye - 


aac? 


i @ 


Ey ee 


pe A 
A similar argument for P (the Eo "s satisfy the same Lie 


products with themselves and the a "sas ‘do the ne "s) shows that, 


again @ = +1 ; 
A 0 4 Ls 
Pe= (ub(yotaley") + ptey)y" (7.10) 
; 2 A A A ; 
Bina liv Site. sae eco e are to formipart ef a pasis for 
Spin(G, 9) ee eT on Kie Pil e=s Olas opposed itom(6e5» maton Spin(G,, (m)) Vie 


By direct calculation, the conditions that heey = 0, imply: 


uu'(l-aa') = 0 from A+ B @/. Ula) 
uu (et =a) = 0 Ou = io, pu a = one ( 777) 
from A= B 


Equations (7.11) are incompatible with linear independence of pe and 


A 


K , and consequently Span(G, ) isnot realizable wathin 4p77d)1,4) 


0 


Another facet of this non-realizability can be seen by setting 0 = 0 
incor LO. is. theematrices A(0,b,a, 0,2) are not closed under multi- 
plication (indeed, if they were, then we would have a splitting of the 


extension R > G1, ™ > G which would imply that G,,@ = RxG 


10 Ome 


something we know to be false). 


For completeness we now derive the most general embedding 


Spin(G,, (m)) & Ry a4 . We have: 
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where a2 = Cait) = Tl and pu'@'-a) = 0. 
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Doebner and Hennig (1974) are not the only others to have 
noticed that 6), @) EVO) —.. Boyer and Penatiel (1976) moted that 


the Hamilton-Jacobi equation: 
1 2 = n 
He UE gees =O eS ae eat: 


has a symmetuy, croup \O(2 mt?) ~which, for nm =) 3°, reduces to 710(255) 
Furthermore , they comment without physical interpretation, that 
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CHAPTER IT 


EXPLICIT REALIZATIONS 


II.0. INTRODUCTION 


Whereas in Chapter I we were concerned more with the abstract 
notions of Clifford algebras and spin groups, we turn here to the ques- 


tion of matrix representations. 


In order to deal effectively with Clifford algebras correspond- 
ing to real orthogonal spaces of arbitrary dimension and signature, one 
needs concepts general enough to be applicable when dealing with non- 
commutative fields (for example, the quaternions). The basic algebraic 
tools necessary for concrete realizations of Clifford algebras and spin 
groups are reviewed in section 1. Following this, computations are 
carried out for the groups of particular interest, and in section 3 the 
matrix forms of the Lie algebras of these groups are provided. Section 
4 contains a detailed consideration of the four-dimensional complex 
representations of the Galilei Clifford algebra ro , and indicates 
their relation to those of the de Sitter Clifford algebra. The chapter 


closes with a section of references and notes. 


Whereas the proofs of the proved propositions of this chapter 
are the, authors, only Thm.) Els2.7 6 Cora ll.J.6,. Prop. LL.4.3) ands Cor, 
II.4.6 are claimed to be new. Credit for the others is given, where 
possible; although no claim is made on the rest, the development is not 


readily available in the literature: 
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II.1. ALGEBRAIC PRELIMINARIES 


As an explanatory remark, we mention the fact, that the 


Clifford algebras . ae corresponding to non-degenerate real orthogonal 


i) 


spaces, are isomorphic to matrix algebras over R,C or H (reals, com- 


> 
plexes or quaternions respectively). Because H is non-commutative, 
some care has to be taken in the definition of linear spaces, mappings, 


Hee, weallaieac fe il . 


Insthis, chapter. <) will denote either (R46 5 (or eh Cs 


usual, H is the real associative algebra generated by a basis 


iledt.igkP subject to the relations fe = a2 = 1 = -l = ijk ). 


The symbol A will denote some K° = KxKx***xK (s times), to 


be regarded as a K - linear algebra (we write A= =k yee) Lhisemeans 
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ror the aleebra structure: over” ik : 


(Ky Kast ° tok )ek = (KK, K OK, 2 hes) Gs.) 
KK Koy tes Kk) = (KK, Kk, °° KK.) Giza ld) 
GQ) = (ack )iek GERAD) 
(KR ) +a = Ke (K*2@) Clit) 


eeni@iwvicaos-non st! 
wgnegias ,eeday! revi, to ott 
+ 5 rs pas. 


ad! 10 3G) i ood dy 23 hag eas City isagl> ett. a = 


nae 


—( S484 Zs & + = “e = a. pingg Tet ¢t 13.40 sbetien tat Lt. 


4a 


“end SONG tutsi:ugp Badeide SV 794) 04-48 \- O91 é@la ot 


— a 


— 


eal ap se = ° 8) eee SSoneh lie Gee ort 


: : 
eens) ae Ah nvige Seb Siu. Ui > Bee “ht agus at - 


se 


y 
1o3 
(ef.i), T's ee ahs "yO O_ 2," ** oh? . 
¢ —— - , ow ‘ \ ; « y ’ ' in ure 4 = ‘ 
ifaiued > oti 8 See a were Ee «ghee 


ee 
' 


nite. ont. ep aeestb als, 26e5ntniva '" Ra wegtoovip gas, ary gaiabtabd 
* qe spivnest ableple abies 4 


(sa. ty Ca¥ oe at A) YS - . al *) 
ey. ft} ( why sp 4 ra) > ‘. ae, AS <4 


i 
‘ 
= 
> 
“ 
» 

1 
— 
e 

> 
- 


where Kk", ky s0°e4k lw ail sbelons to and =a en. 


A right (left) A - linear space is a right (left) A- module 
xX, ssuch that’ the right (left) K-= linear spaces x°(1,0,-**,0) , 
KCL OF a0) i ee xe (OR *,0,1) are isomorphic (and analogously 
in the left K- linear case; see Notes for details). The standard exam- 
sf 


ple of a right A- linear space is An = Ge ook are * a@ e€ A} where 


t denotes matrix transpose (members of left linear spaces are represen- 
ted byrow rather than column matrices for reasons that will become 
clear when we consider linear mappings); then the operations are compo- 


nentwise addition in A , and componentwise right multiplication by 


members of A 


An R- linear mapping t of right or left A - linear spaces 
X to Y is said to be semt-linear over A if there is an automorphism or 


anti-automorphism. wt A= A. such thatvior all 2 eX {a eA: 


t(x-a) t(x)-p(a) (right semi-ltnear) Cie ay) 


(CONE 


E(a-x) = pla)°o(x) (left semt-linear) C125) 


when yw is an automorphism or 


t(x#°q@) WiCa) oe (ae) (rtght-to-left sem -linear) (i.2¢) 


Or 


i} 


t(a-x) t(x)+w(a) (left-to-right semt-linear) (122d) 


when y is an anti-automorphism. Because t determines w (except 


when b= 0 ), one says that ~~ is Av - linear. 
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The following examples have been taken from Porteous (1969, p. 
199), as has been the discussion and notation up to now. Here, 


AS He] K1,4i,9,k 5, X=Y=H - 


Gite Gy = as Ca) 


i 
Q 


Gi) 2 @) = be, OF) be A? WG) 
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Cid ane) =rrer 0s 
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Gay ec: (o) DEC cee Cle lh ¢ wig) = a Ge 


Gee = = ja 


These are examples of invertible, right semi-linear mappings, whereas 


the following are right-to-left semi-linear: ASH , paver ootie 


(vi) +(?| = Gee; Vay = a 
a) ees = 
(vii) +("| =, cea), =a 


Die X.Y are both right .Wert) A= lincar. LOU.) denotes 
the family of A - linear (i.e. av - linear with yj = id, ) mappings; 
LOeY) is an ceneral neither a richt nor alert A= Jinear space (see 
Notes for discussion). However, the dual space se LOA) see ta 
right (left) A - linear space has the structure of a left (right) A- 
linear space: indeed, for  Goc xe Oem ee ek ede rane 
G@*t) (2) = at@) (Wespectively (o-a)@) = vlx)a ) when xX is right 
(respectively left) A — linear. For an Mle linearemap 9 22-2 Ys 
one verifies (by checking the four possible cases of semi-linearity) 


that Vever € I whenever y € yu - The map th : yu = ie , called 


Vi -1 coll 
the dual of ¢ , defined by ¢ (Cy) = Ww °you ds av = linear, as 


may be verified case by case. 
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A correlatton on a right A - linear space X is an A- semi- 
Mnesr map = inecn ee sand ther map ee bye 3p, yee (ety =) eta) (77) 
is the product induced by the correlation (analogous to inner product). 
The form induced by the correlation is the map X >A by a> E(a)°x. 
Although R - bilinear, the product is generally not A - bilinear; it is, 
however, sesqut-linear i.e. right-to-left semi-linear over A (as indeed 
abe Hermitean inner products over C ). The notation. =<. > is some- 


E 


times used to denote the product induced by 6€ ( ul: = E(x)°y ); using 


this notation, sesqui-linearity takes the form: 


OE i Ba eee 3 ar Ce = COT 


An Ae Correia tla 6 cle, xh is symmetric or skew if for all 
eh et eke < 
OES) symmetric case 
ees = (153) 
Ee) skew case 


A symmetric product § over cY ; H¥ where w is the conjugation anti- 


involution Cwd)s= 1.4) 0G) =i) sinwthe wcaserot: me an (4)a— ion 
VCLe=s ie ei) = Hj) Se) =) =k Sint thescasesoP Si) 1s said to! be 
Hermtean. A correlation § with the property that ee = Q <=> 
<9 > eos 0 is said to be reflextve (the most notable members of this 


class being the symmetric and skew correlations). An invertible correla- 


tion is said to be non-degenerate. 


The following results (see Porteous (1969), pp. 207-210 for 


proofs and further discussion) are important for the computations that 


appear in section 2. 
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Proposition II.1.1.: Let € , n be non-degenerate AY =eCOLretat tone 
on finite dimensional right A - linear spaces X , Y respectively and 


letwece  xeoay. be wAy—e linear: (ise. Av - linear with wy = id Then 


A ye 


k 
theres is?ajunique: A =sdinear map ¢ : Y > X with the property that 


x 
<y,t(x)> SG) ae feral Gee Xo. Wee Ve O 
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* 
The map ec) lis ealiled) theradjoine of Ur fwith, respect! ton 6 


* = 
n and is given (as may easily be checked) by t = & Tog on . In terms 
* 
of diagrams,! & is*deftined so that’ the diagram: 
“* 
X -—---—-~~- Y 
E n 
xh Pid 5 Nae ira te oe 
¢h 
eommutes. If uw:iyY->Z is also “A — linear and ¢ ‘a non-desenerate 
* xk ox * * 
correlation on Z, then (uot) = & ou where wu and (uct) are 


adjoimts wath respect, to my, 6 andre sce respectively. 


The next proposition is essential for the realization of Clif- 


ford algebras as algebras of linear transformations. 


Proposition il.1.2.: “Let xX be ayfinite, dimensional right |) A — linear 
space. Then any anti-involution of the real algebra End X = LOX) ts 
representable as the adjoint anti-involution induced by a non-degenerate 


reflexive correlation on X. ‘a 
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The stipulation that L(X,X) , when regarded as an algebra, is to be a 
real algebra comes about because as mentioned before, L(X,X) need not 
be A = linear, although it will be linear over the centre of A. (For 


elaboration, see the Notes.) 


An av - correlated space (X,&) isa right A - linear space 
MM Walely ein AY - correlation on it, and (X,&) will be said to be non- 
degenerate, reflextve, symmetrtec or skew if §& has the corresponding 
property. lt is votally veotropie if & “isgero and neutral if xX is 


the direct sum of two totally isotropic subspaces (each subspace of X 


having the correlation induced on it by restriction of € ). 


In the following examples, w will be an anti-involution (an 


anti-automorphism with ne =P Ow) Of] iy ot 


Cie = Ne _ cient A — linear. with the Av - sesqui-linear 


product Aa Ae + A defined by 


' 
ale [o.]> = v(b)a’ + v(a)b' Cy) 
\b b 
hb 
is a symmetric, neutral, non-degenerate av - correlated 
space called the standard hyperbolic plane oe re ombe 


specific, when A =H _ there are up to isomorphism exactly two 
anti-involutions on H (Porteous (1969), p. 181): conjugation 
(with wa) = a) , and reversion with respect to j (with 
va) = rears are ae 2K \ then-an important class ef anti-— 
involutions on A is the family of all wy such that 

(kK, ko) = (x(ky) ox Ky) Powith (k, »k,) € ae and x an 


anti-automorphism of K (not necessarily an anti-involution). 
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(ii) 


(ii) 


(iv) 


For this “Ay tie product is still pivenpy (1.4). nowever 


a= (a, .4,) see lee (5, ,5,) - Tec 


Z : A ; 
Xx A 2, richteAs= Linear, with the AY - sesqui-linear pro- 


duct defined by 
Oh Mok 
< > = es U 
ren. sp v(b)a v(a)b Ci, 5) 
is a skew, neutral, non-degenerate av - correlated space 


called the standard symplectte plane AY on 


, right A - linear with the Av - sesqui-linear pro- 


bd 
Il 
> 


duct defined by 


pele = wla)a' + w(b)b' (1.6) 


is a symmetric, non-degenerate Av - correlated space, denoted 


by (Avy? Pe RLtas the av = product of (A,») with itself, 


denoted av xaY ‘ 


X = ac , with A_ as before and the product defined by 


ey lene = p(a)a' - w(b)b' Cay) 


is a symmetric, neutral, non-degenerate av - correlated 
space. When A= K and yp = conjugation, this space is 


—1,1 
denoted by K >. 


Further discussion of semi-linear maps and correlated spaces 


will be found in the Notes section. 
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Infvordersnotstosloseysight of the basicegoal ofsthis, chapter, 
namely to provide matrix representations of the de Sitter, Lorentz and 
homogeneous Galilei Clifford algebras and spin groups, we recall some 


facts about the Clifford algebras Be 


By A(m) we mean the real endomorphism algebra 
End A" = iG area . The following isomorphisms may be found in Porteous 
(1969, p. 245, pp. 248-249) and in a different formalism in Souriau 


(1964, §44): 


2 


Gj) eR 2p with orthonormal basis {(1,-1)} Cica) 


Teste 


Ga k ROG Hernan) (1 .8b) 


Oyq 


according as “q)= 0,1,2,3,4 with orthonormal subsets: @ for R , 


ie rOTesG wd ke tor th (ied hei lek) | for on. and 
7 oO Ol We ot 
(SNe SME} E ae oe oe 


mae e 1.8 
(Gising), aad eee ( c) 


5 @ H(2 1.8d 
ay one Saeae  Le Rae ) ( ) 


~ 


(v) R ® R(16) R ge) (1. 8e) 


R 
p,qt8 ped Ps 


2 
Every R, ; is of the form sA(@i) for Ai one of Oo eoR! H 


> 


RP>4 and its elements the 


and A" is called the real spinor space of 
Ee epinors. since A = °K , we have the decompositions: 

AX = KX” ® «++ ® K and A(m) = K(m) © +++ © K(m) both with s  sum- 
mands, with the result that en is semisimple (c.f. Wedderburn's 


Theorem, Curtis and Reiner (1962) and Notes for Ch. I. §1). 
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A few examples of physical importance follow (recall that 


+ a 
R =R when > ak d R h = Me lbo@))s 
oa Sel q > an eee when |p 2 1. by Prop. 1.1.4) 
: On F 
(CDN (Euclidean space) 
R - R 
ie Ue nea pone 1 oe 
ae Ls , : ; 
(Gig ye (Minkowski space-time) 
R R H R 
ie = 4,0 sity (2iret ie = ciep Sa C2)) (1. 9b) 
Gia) 8 »4 (contains de Sitter space-time as an embedded quadric) 
2 FP 
Sigh o 10 @ Naya sewer C20) nae hae = ee = H(2) (1.9c) 
: L053 eee ; 
(iv) R (flat Galilei space-time) 
2 as a 
003 € Ne = G2 ies iho E ee = H(2) (1. 9d) 
Of course, R Ott for r> 0 is never of the form A(m) , since 
R. ape hasva non-trivial nilpotent adeal, “(c.f." Notes for Ch.e ied). 


R has been discussed in Ch. I 563 the matrix 


The inclusion 50,3 Gc ie 


statement will follow. 


Since sae isjot the form An) =. 1ts span group: /Spin(p.q) 
will be a subgroup of the invertible elements of A(m) . The conjugation 
anti-involution on ae appears in the definition of Spin(p,q) and 
its counterpart on A(m) is required for the definition of Spin(p,q) 
as a subgroup of A(m) . Now a symmetric or skew, non-degenerate corre- 
lation on the spinor space A" induces an adjoint on A(m) which is, 


moreover, an anti-involution. Conversely, we have Prop. II.1.2 and it 


is essential, therefore, to know the appropriate correlation. 
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To this end one has (Porteous (1969), pp. 265-270): 


Eropesition tisl.3e: Conjugation on Ro e is adjoint induced by the 
standard positive definite correlation or spinor space Ae » where 

Napen = A(m) . gO 
Proposition ii. 1.40: For ak = A(t) with peer Ou and. (peg) 7 6.0), 


P5q 
conjugation is the adjoint on A(m) induced by a neutral semi-linear 


: m 
correlation on A 


Before proceeding with specific computations of spin groups, we 
illustrate the notion of adjoint by determining the adjoints associated 
with the four examples of correlations just given. Two of these will be 
used later. 


Gi AY where X = Az and Peace = u@y)x" + v()y' 


beter e. = [2 ‘| €¢ End X (see Notes for comment on matrices). 


; % cy ee tess ig! ; 
The relation: <t Ber ee = {alae ee determines 


oe . im fact, the right-hand side equals 
by) (axe’+by") + VG) Cex'+dy") = CCe)aty(a)y)a" + 
V(v(d)atW(b)y)y' (recall that y is an anti-involution) and 


* 
therefore comparing @t and 7@ : 
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right-hand side is 


b(y) (ax'+by")-W(x) (ea'+dy") = v(-v(e)xt+b(a)y)x'-v(y(d)x-v(b)y)y' 


“xl da wCb)y 
so =| ~ Be ie | hence 
: ( : | v(d) ok 
$= 7 is = (List) 
Cue. -w(e) =a) 
We AY Sy lea ae ee ‘ ae 
eo X=A , Aas He V(x)xc' + vy)y" : We have 
' ] : ° oa 
t = , t = (12) 
e d vib) vd) 


(iv) X= A’, AEA = yx)" - p(y)y' : Then 


' ] i | v(a) we 
t= 5 b= (1.13) 
-y(b) vd) 
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II.2. DE SITTER, LORENTZ, GALILEI REALIZATIONS 


As the Lorentz and homogeneous Galilei Clifford algebras (and 
spin groups) both are embedded in the de Sitter Clifford algebra (and 


spin group) we proceed first with the de Sitter case. 


de Sitter 


From (9c), (1.88a.b), van sorthonormal basic of see generat-— 


ing Ry 4 can be obtained by tensoring with (1,-1) , the matrices 
ao 170 fj 0 k 0 0 -1 ; 
k x ; F B ; i ‘| ; [ a ; a Al » the latter four being 
orthonormal generators of Ro es H(i) > Instead of this basis of 
0,4 


, we use an equivalent set (similar by +{} 4 
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y7 i -l TaeOp x 


° i ; ? | ; (s ‘| welensorang, with oCl.—l)i.. we obtain for 


Oe Li 2. 73 r4 : 


Ry 4 an orthonormelegenerating set) Th sa jars a: 
r? = (1,-!) @ i v4 = 
(0,0) (-1,1) 
= me + ae where a Ze 2 @eaia) 
(Gy all 
pi - (isi ae : 4 = 
G1) (0, 0) 
= te ® eae where _ = if ‘| (Zia) 
i 0 
re = se ® Ge where e = ° i (Pac) 
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r? ve » ao where ve = i | (2. 1d) 
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-1 0 
Note that sy ers = 1, and that eee form an orthonormal 
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Now conjugation on Ry 4 is adjoint with respect to some 
correlation on (oie - Consider the correlation (:.7) where A = 24 


and v(@),25) = (2,21) , and the associated adjoint (1213). it is easy 
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Turning to spin groups we recall: 
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Spine 4). =: ice tt = +1} 


and 


=e + * 
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However, whereas 21402) = (2) @ HH). 27k 


Mae = Car 2) 152) 


gh © 
and so we may think of Spin(1,4) as a subgroup of H(2). If 


a —C 
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t = [2 ‘| Site), then 2 = | © \ | and tt = +1 =| a\° ms |e? = 
5 8 
le = yal = See aS ce 
This proves: 
theorem L120: 
( at 
Spin(1,4) = fe ‘| e H(2) : lal*-lel* = [di7-|b|? = +1 , ab = aa | 
Spin’ (1,4) = E ‘| EHO) selaleovel? = d\n = 1a = aa 
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This may be partially rephrased as: 


Conoliary, UL 22.5 Spina) = Sp(1,1) where by definition 


Sp (Psd) = toe Hi@tq) = ae K Gg = ik oe and is denotes the trans- 
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posed conjugate of g and K = | P 1 
P>q 
Proot: This follows et once from Thm. 11.21 and the definition of 
Sp(1,1) . The notation '"Sp'' stands for symplectic (with quaternionic 


overtones, as was the original usage). O 
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Generally, if i. 3 = A(m) , then Spin(p,q) will, by defini- 


+ 
tion, be a subgroup of A(m) (one first determines is c¢ A(m) , then 


) 


+ 
TCR Jemendsfinalivetnoses= cc a(R ) such that ¢*t = 41 ye ernie 
P5q P5q a, 
is sometimes inconvenient because the size of the matrices is not mini- 


mal. What is usually done is the following: 


(i) obtain an orthonormal generating set {r=} poly See or 


R = A(m) , n = p+ 
P>q ae 


(ii) obtain an orthonormal generating set Co kes 7 Ss Caen 


+ 
for is 7 =o (mn) wiwith AY mm ) usually different from A: 
2 


Ms respectively (c.re Prop. 1s1.4). 
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’ > 
One an 
i OS nl; one now determines wiatw) Gi I) e= =) 1 means 
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aol nin = A‘ (n'") 
P>»q 
a 
(iv) determine HAG © and an adjoint (from a correlation on 
5] 
m' abe 
(A') ) on A'@!) which sends each T T fo 1s necative: 
g 


then compute Spin(p,q) ¢ A'(m') . 
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* 
ne Se On ee A'(m') , uses the adjoint so found on A'(m') 


to determine, Spin(p,q) as a subgroup of A (m') “rather than of A(m)< 
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- 
Ry 37 Ry 4» we must find a correlation on He whose adjoint induces 
: 4 = 
the mapping yy a: as wen he Correlated apace ae does the trick 
(c.f. (1.7), (1.13)); with its adjoint, y° = y , 0<i<4, and 


Oran a 4 ; 2 
hence (y yy) = <y ¥ 0 on 2), as required wa thus we dttive: at 
thm. Li2.l-and Cor. 11.2.2 and circumvent the (albeit trivially more 


complicated) H(4) representations of Spin(1,4) 


The correlated space Pie is not the only one that works. 
Consider instead, ae » with wy being the anti-involution (of H) of 
ECVerSton, wLiEb respect) LoOmr jum (cat. (155) wieh) shoal) the corres— 


ponding adjoint on H(2) is given by (1.11): 
fo pie [ VD -¥@) 


re ta - With respect to this adjoint we have: 
‘ -v(e) va) 
Ox 0 1x dl 2% 2 3% =) 4x 4 
tier Se. 6 ices es ba BY She ace = oe Sp owever 
ay One le mee Per 
Ry i Ry Be Wee eae & >) and) thewadjoint,. sop constructed..on= 1(@) 
> > aE 
is precisely conjugation on Ry fee Consequently we have: 


Theorenlline. oe: LE Uta) = Te cee ethen: 


Spin(1,4) = E | EH) (@)d-y(e)b = +1, 


d 


Vdbp = wo)d , Ve)a= vet 
Spin’ (1,4) = if: | a2) ee) (a) Ce) 2a ale, 


v(d)b = p(b)d , vle)a = Hare | 


* 
Proof: This involves examination of the condition tt=+1. a 


For further comments on Thm. II.2.1 and Thm. II.2.3 see the 


Notes. 
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While the isomorphism Spin’ (1,3) = Si(2°'C) "is well know, 
we shall work within the general framework outlined. Contact is made 


with the SL(2;C) representation. 


From (1.9b) or from the de Sitter case just discussed, we 


have Ry ae H(2) . For an orthonormal generating set of Ry 3» we use: 
b) >. 


Y = It sl 5 4 ~ [; ry A vm = 3 | ; Y = ke Ei CrZ) 


(these being similar through = i 1 to y° ,0<a<3, of the 
v2 < ay ta 
de Sitter case). The adjoint defined by the correlated space H 


x 
(see (1.7)), induces the mapping yo * y° = ey MUsswlea se, and is, 


Ry age H(2) 3 We know, from (1.9b), that 
Bo i a 
R = 6@) but) thisiis not so obviowsratithic stage. In fact. |. 


ila) 
; ORL OR lo mela ere com eo a 1 al! - ve 
is spanned by {],,y Yo sY YoY Y oY Yos¥ ¥ s¥ Y oY ¥ } 
b 
computation leads to the representation: Ry 37 [2 , eunc2) 


therefore, conjugation on 


jbs) 
An easy 


This is enough to determine the spin groups. 


Theerem [1.224 


Spin(1,3) = [2 | e H(2) = ales = +1 , abtba = 0 | 
Spin’ (1,3) = iE: | e H(2) : lal"-IBI° = 1, abtba = | 


Proof: Recall the remarks leading up to the statement of Thm. II.2.1; 


here we have c=-b,d=a. oO 
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In fact, if we let a = ° za 


| , then the a SRO oo oe One) 


of (2.2) along with this y , generate the non-universal Clifford alge- 


pl, 4 , GB 


DFaae (2) “for Moreover, t = iu | e H(2) commutes with y 


, 4 4 : 
Gees vy =y ¢ ) aff eo = > . d= a , and therefore: 


Corollary 11.52.57: 


Spin (13 )eaopin G4) ia Stabilizer oF io 
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apin (no) = Sayin (GL) ee U 
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We shall now explicitly establish the isomorphisms: 


~ e A x 
Ry 37 €(2)9, Spin G3) = SkE(23C)™. 
Consider the mapping X29 78 C@) by 
Olea eee rk 
a -ia -a -ia 
Get Ga of Cie ter > > 1 0.3 
a -ia a +ia 
or ex (a) P="a l, ~iats where aro = ato! + ao" + aoe and 
1 Om 2 Oe cS en 0 : : 
o = f | - Om eS f ; 4 Gt Oe E i) are the Pauli matrices. 
It is readily verified that x is a real algebra isomorphism 
onto x(H) 


Now define: 
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One now checks that is a real algebra isomorphism. Further- 


more, an easy calculation reveals that det(y(a)+ixy(b)) = (la = b = = 


i(abtba) and consequently we have: 


Theorem I1.2.6.: 


spint(t.3) = {2 « COC) = dee = = 41} 


_— ~ 
Spin (1,3) = SL(2;C O 
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(( a pb)\* * * 
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with the correlated space C Ge. & _ * , where wy = id, ; 
sp Sp sp 5 


see €1.5) and (1.11))- 


Things fall nicely into place because it's now clear that 


ay 
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Wly yy) = gE 4 is an orthonormal generating set for 1,3 1,2 
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which behaves correctly under the adjoint defined above). 
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; mt z = 
Thanks to the embeddings Rk a F and foo 1k 


we may use the results of the de Sitter case to obtain those in the 


Galaiei situation. 
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Recalling (2.1), we have as an orthonormal basis of pt»053 
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Ons 5) ’ ’ 
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This is the Galileian analogue of Thm. II.2.4; there is also an analogue 


Of Cor. [ia2.5, namely: 


Corollary Ll. 2 .6c. 
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Spin(1,0,3) = Spin (1,4) 5 4 - 
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II.3. MATRIX LIE ALGEBRAS 


The bases of the de Sitter, Lorentz, and homogeneous Galilei 
iievalgebras are listedm(e.t. 504.12) 14014) M4915) sof Ch. Df). In 
Keeping with Thm. fil2515 2l:2.4, 11.2.7 the HQ) representations, 


only, are provided. 


de Sitter 


We substitute (221) into (4512) "of ‘Ch. IT: 
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ie Ge et | Poo 3 4 Se 5 7 
= ees = lies ese Od 
= E i ee Oe ee ermal 
dey athe 0 ; ?=1)° Al eps ‘| 
—— a . 3 = re ‘ a Ge 
. + (8 0 L ia L Dilek 


eae Le aa BC 
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above. Neither choice is to be preferred over the other. 
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algebra to its spin group is the ordinary matrix exponential. 
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II.4. FOUR-DIMENSIONAL COMPLEX REPRESENTATIONS 
SE MO ENT ALTIONS 


While we shall not undertake a classification of the comp lex 
representations of the Clifford algebras and spin groups of the last 
sections, it does, however, seem appropriate to offer an alternative to 


the quaternionic representations which have prevailed up fo this point. 


The following, in the non-degenerate case, is quite standard. 


Lemma I1.4.1.: If y ny Meany € C(m) and form an orthonormal set of 
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(SE) tr(y") = 0, tr(yy2) = 05 127 7 , (tr denotes trace). 


PrOoE: — (a) As Pid) 292, at Least two of {y7} have non-vanishing 


4 : : 9 
Squares, say y" and) yen For a #n, we have y = + ¥ (y") = 


ue Eb eeay aL ey Dei inl at 50) = ak jet jal 
ene SO that: BO SE Gay = er (yey oy = str ye 


; i ‘ i 
- tr(y) using yry” = Ss and properties of trace. Thus EC) =u 
‘ =—iRI2i, : n 
A similar argument involving va =a yo (y” ) implies) that taty]) = 0. 
eee Ae Gee a Ae 
From yy = ~yJy* , LF j , we have tr Cy. yt) = -tr(yty ) = -tr(y yt) 
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Proof: From the remarks (esp. (iii)) immediately preceding Thm. I.1.3, 
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(The motivation for this choice as follows. The mapping x : H>C(2) , 
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yY € Z(R, 3 . However Z(R, 3) = R Ste hye Propel. oy) esp ena 
4 O23 -1 4 ~Q~1~2~ ~0~1~2~ 
ere yyy cand: Ue ot = + aa =) Bue yoy y2e3 - oe , with 
4 se a : 
theeresult that y = Uy Uj) .] This completeamtne: proot. O 
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OCG). = In fact.) since Ry abs 714(2), and SH (2)? sits ansidew (4) = 
fC ESatso true that Ry es 20(4) = LGD Pe 


: ; i : é 
From the two inequivalent sets of y '‘'s , 0 <i 4 4 asin 


Prop. II.4.2, we obtain two inequivalent sets (7°47 Nira. Sep e of 


C4) orthonormal sets! of type “(15'0,3)"% That this essentially tells 


the whole=story, is the content. of the next proposition. 


2 
Proposteionell. 4.5.05) «Lek tae Ae e€ C(m) be an orthonormal subset 


nay (with (y°)? = 0). Then, “m> 4°; and when m= 4, 


ae is a non-universal Clifford algebra for See Z 


: ~0 ~4 ~1 ~2 ~3 
Further, eye a | is equivalent either to {y +y zy ,Y 5Y } 


(Open 8! OURS Saag , the oe "s being those of the last proposition. 


of R 


Lae F , 
Proof*ss From. Thm.) i. .3, dima<y s+ ¥ eg toe ds eS ice dim.C (2) =O 


we must have m > 4 _ by Lemma II.4.1. 


Suppose then that m= 4. By performing similarity transfor- 


QO. 0 


~0~4  ~ Of. 
mations, one may verify that y ty , Y are similar to : 
A 2 0 
e 0 ~O0 ~4 ~A 
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~4 ~A | 


these forms, it is fairly easily verified that ay ny Lis cA 3 5 
~0O ~4 ~A 
and {y -y',y : 1< A < 3} are not equivalent. It remains to show 
i 3 , : 
that ye »Y oe »Y }| is equivalent to one of these. 
; Se 3 3 ; 
PLESt. Ofeallee Gaoe=* —] and tr(y) => y has eigenvalues 


i 
3 


iS 0 : ; es uh 
mots i 25; Likewise for yy. Furthermore. 9yay commutes with y 


: Lee 
and since both y y and are diagonalizable (analyzing the Jordan 


ab 


canonical forms), they are simultaneously diagonalizable. Suppose then 


3 


3 1) ne ip 2 , 
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3 Le ie aes 
QO -T 
3 -i 0 
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jl ses if ONC 3 
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: 5 0 
amipdies that y = 0) €.0= yoytyeye 3 ty ty? ty y7y" ere yoy y? = 
Omg 0 : 
27 y => y = 0), we must have instead: A, = -\, , 4. = -A., . Then 
i 4 2 3 
ie 0 
performing similarity transformations (which leave 3 alone) 
QO -T 


to interchange Ayers and An oAg if necessary, we may suppose that 


hy = a) = -i and ry = A. = i. All this proves the existence of 


anminvertible VU ‘such that: 


3 3 
i O t 0 
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U Deu = 3 oy LB ct) = 3 . 
0 ee 0 € 
ae 34.0 One2 ee 0 
Byedemanding | O'=) yy 9+ syye gran das Ol = eee eye 
0 
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ex 18) 
A 
(as Gy = 70%) ee hirenermovenmn,. =a ie + oe for A= 1,2 and 


=1 Le2 
taking into account the form of U yy U_ we have: 
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3 
a 6) e 0 
ply 2 eee ; 
Om a 0 imaeel 
with be + oe = Q0= ne + Gl : ae = a = = Finally, 
0 = Ae + uae implies abtbd = detca = 0 
The relations bec = eb : oe = ee , becb=0 imply 
b 0 C 0 
1 
b= » C= : ie aes ee Crn= at aa oe = 0= 
0 i. 0 Z ie: oeZ 
Zz 2 
0 a 0 d 
fe ee ee Se ply ieee eee : 
3 a O =e 
1 al 
Combining these in abtbd = 0 = dctca we find by = -b,d,a,” and 
- =i _ = 0 
Cy = 2, 4,4, sas) a result of bic, = be, Q and y # 0 , we have 
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Let 
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V= I 
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3 1 
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0 —T ¢) —T 
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7 0 0 -b 
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transformation that leaves 
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YU Veuv” alone.e or alle 1 andawhrch 


Si 0 60 0 1 
sends / ly Soar to (resp. 2 Dis 
1, 0 0 0 
Thus we have two possibilities (~ denotes similarity) for 
Qe ce 3S 
Yoo of af & 
A 
0 
~ : ate s for 1<A<3 
2) eo ares ‘N das 
l, 0 0 -T 
A 
0 ] 
tO 2 any : for 1<A<8 
Gain ae A ks 
0 0 0 -T 
This completes the proof. a 


The proet of this last proposition is close an spirit to, the 


analysis of the Lorentz case by Dumais (1977) to whom the present author 


is grateful for discussions on such matters. 


The four 
hence also R13 ) and RI 
2.4 and)2./; these complex 
the mapping x: H > C(2) 
Corollary I1.4.4.: 
a 
Spin(1,4) = 
C 


dimensional complex representations of 


ia (and 


0.3 provide complex analogues of Thm. II.2.1, 


forms of the spin groups are obtained through 


as described preceding Thm. II.2.6. 


6 C(4) 2 aebvera -e. .(H) and 


cel 
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where denotes Hermitean conjugation on C(2) ; an analogous state- 


ment holds for Seer (Gb 2)) : U 


Corollary hl.4. ous 


a ob k k * 
Spin Cl.) s= Se C(4Gea.0 © (0) sa c-b b= ag , a b+b a=0 
-b a 


and analogously for Spin’ (1,3). U 


Corollary ll. 4200: 


a-b -b x kok 
Spim(1-0,3) = BGC (4) Saw = (nh) ea a=) Ae ee OLD a= 20 
2 
Dp arp 


: ‘ eect 
These corollaries serve to realize the Spin groups as sub- 


groups of Sn Os = SU(Zi2) 


Come. 


x ox ae: x x 
SU(2,2) = e C(4) = aa-e c= d Gp p= J, Oa Dic 
Cue 
-] 0 -] 0 
* 
=o Gene C4) ied ‘ g = Z 
0 I, 0 Ib 


From Cor. II1.4.5 we obtain the traditional "4-spinor" 


p (1/2, 0) ® p09,1/2) representation of SL(2;C) . The details are as 


follows: 
a b ] -il, atib 0 


(i) conjugate by to obtain 
-b a ] il 0 a-ib 


k ok 
(it) as @.,0 range over (H) “such/that =a c-) >= l, , 


—l* 
a BD a = 0 we have atib e« SL(2;C) and a-ib = (atib) t 
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(see remarks preceding Thm. II.2.6). Thus 


. | 
Spin’ (1,3) | : me SL(23C) 


AS20957 2) 


From Cor. II.4.6 we obtain the Lévy-Leblond (1967) representa- 
1/2 


festroya: yA as follows: 


(i) from the remarks following Cor. II.2.8 we have 


Spin(1,0,3) = e C(4) : a,bex(H) , aa=1 


* 
Cia} a © Y(H) such. brat cad =} is an element of Spin(3) 


2 
>> 
F Be eae VD*T > ae 
Kdii)s 2b = 2ba.a,and .2ba = —~—— fer some py €R 
: : Ly2 
See also Steinwedel (1976, §9) for comments on A » which 
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assumption on X_ that all Xe. ee he os eee  LSOMOrphte as Men 
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sum decomposition has been outlined already in the remarks on spinor 
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pie, etc. 
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For our purposes, we require the theory only for A= K or 
2 : , ; 
K . The anti-automorphism w associated with a correlation becomes 


an anti-involution under certain circumstances in these two cases. First 


of all, assuming € is symmetric or skew, for x,y ¢ X and aeA we 


have: 


<a,y> 0" (a) 


i 
ee 


aU) = v(Ca)<y, a> ,) 


ane w(<y°a,x>,) = =L5Y*d> 2 = s0,y > a 


E g 


It is tempting to cancel the SEY? "s to conclude that ae =a, 
but care is needed. When A = K , it is enough to require in addition 
that §€ be non-zero in order that Weep: =a (for there exist 

xeue Ae ysuch that SEP: # 0 and since K is a division algebra, we 
may cancel). When A = an , we assume y(e,) = C5 (with a4 = (1,0) , 
ear=a, (0-1) ve 2K as described earlier), and moreover that & is non- 


2 


degenerate. Then there exist x,y e€ X such that <x,y>, is invertible 
S 


(Porteous (1969), Prop. 11.14), thus permitting cancellation to imply 


ioe) =a. 


If these conditions are relaxed, then the result may be false. 
For example, when A= °H,X=A and v(z,y) = @ GY) ( g being a 
unit quaternion ( |g |=1 ) with non-real square), the following 


COnrelat Lon: 
NY lee eae ye) 


is symmetric but ie 2 id, . The problems are that ve) = 2) > and 


< , > is degenerate. 
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The condition v(e,) = 2 of the last paragraph is important. 
More generally, for A= Sk with primitive idempotents Cas Lie See, 
one says that an (anti-) automorphism Ww of A (which necessarily 
permutes the e, "s) is trreductble if there is no proper subset of 


{21 22@52°°* 25} mapped to itself by y ; when s=2 , yp is irreducible 


Sh Se v(e,) =e ae linear map is trreductble if 


> v(e,) = 2, “An A 


1 
Vows erreduciaple. Tt isnot difficult to see that ae has irreducible 


(anti-) involutions only if s=1 or 2 


Aone wLen Prop wllel.2, it is a fact that the adjoint, induced 
by an irreducible symmetric or skew correlation is a real algebra anti- 
involur@on (Porteous (L969) <sProp.Ll.29s Thm) ).32. for a proot of 


Prope ii.i2)s 


Porteous (969, Cor. 10.55) classifies the irreducible anti— 
involutions of aK and then obtains several classifications of irreduci-— 
ble symmetric or skew correlated spaces (1969, Thm. 11.41 and corollar- 


ies). 


As further references to parts of the material in this section 


one should consult Bourbaki (1970) and Godement (1963). 
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Anvexplieie proot that Thm. Lf .221.) It.2.5 Poth) cnaracterize 
Spin(ls4) is easy. Inefact. if N_ denotes the norm (Ch. I, 82) on 
H(2) defined by the correlation < , > , and ee that defined by 
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Therefore conjugation by C establishes the required isomorphism. 


These two theorems seem to have been discussed first by 


Takahashi, R. (1963), and considered further in Strom (1970). 
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CHAPTER IIT 


PHYSICAL APPLICATIONS: ALGEBRAIC 


TEE .0;) INTRODUCTION 


Physically, there are good reasons for the appearance of the 
de Sitter group in discussions of the homogeneous Galilei group; these 
are discussed in section 1. In addition, a comparison between the 
Lorentz and homogeneous Galilei groups, which illustrates the @>+- 
(speed of light+~) limit of the Lorentz group, is provided. Various 
senses in which one group "approaches" another group (in the limit of 
some parameter) have been investigated in physics; the one most thor- 
oughly studied is briefly recalled in section 2 in preparation for a new 
limiting procedure involving Clifford algebras. This new limiting pro- 
cedure is introduced in section 3 and a discussion of the Lorentz —> 
Galilei limit undertaken. Section 4 contains further remarks and notes 


on the previous sections. 


Of the results stated in this chapter, only those of section 


3 are claimed to be new. 
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As has already been emphasized on several occasions (e.g. Ch. 


I, ec. 3; Ch. IIT, See. 2)5 the homogeneous Galilei group Ce isa 


(stability) subgroup of the de Sitter group and analogously for 
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LheLe Spin groups (for notation, see Ch.. 1, See. 3). 


Mathematically at least, this is a consequence of the inclu- 
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sion, R , Of Orthogonal spaces. That G_ is a subgroup of 


6 


S30 is also not without a physical interpretation which we now describe 
(see also Pinski (1968), Niederer and O'Raifeartaigh (1974) and Stein- 


wedel (1976)). 


Consider the kinematical description of a massive, non-relati- 
vistic, internally structureless particle in empty space-time. If 
hs i ; : : 
(G,t) and (g,t) are the space-time coordinates of the particle with 


A 
respect to two observers 0,0 who are in uniform relative motion, then: 


pet (ia) 
® Ab 
gq = Rg + vt Gas) 
for some D € R? , Re SOG) = (it is assumed that. the observers clocks 


and coordinate systems coincide, up to a rotation in Space, at the event 
Ga) = (0.6) = teen ey ME che meters serhee eens 
(in this case kinetic), momentum and mass of the particle as seen by 

0 and q respectively then from (1.1) and from the primitive assumption 


of particle-mass invariance, we have: 
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E=E+0+Rp + =m eo Ghee 
& a s 

p= hp omy (1225) 
A 

m=m oe) 


The relations (1.2) define the transformation law of energy-momentum-mass 
between two Galileian observers; (1.2) remains valid if the particle pos- 
sesses an internal energy which, however, has a value independent of the 


observer. 


eae gies a + R denotes the quadratic form: 


U(E,p,m) = p*p - 2mE 


A 
notice that the internal energies as seen by Q and (0 are 


> Na 
U(E,;p,m) and - +. u(B,B,m) respectively. The observer-indepen- 
2m 
dence of internal energy is expressed as: 
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iy AK DOK 
ab U(E,p,m) aoe U(E p,m) 53) 
2m A 
2m 
From (1.2) we obviously have (1.3). Moreover, realizing that 
the form JU , when diagonalized, is essentially diag(-1,1,1,1,1) and 
A 
that invariance of m (7=m) implies stability (upon right multiplica- 


tion) of the row vector (0 9 age we may coneludethal (de 2e)mand (1.3) 


imply (1.2). Thus we have; 


Proposition LII.1.1.:% The homogeneous Galilei group Ge is isomorphic 
to the connected component containing the identity of the group of linear 
—>- 

transformations on the space of (#,p,m) 's which leave invariant both 


m and £ - = PP (mass and internal energy). O 
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This result, of course, is nothing other than the restatement in physical 


Perms oF .(3.7), of Ch. of, 


For comparison and in preparation for subsequent sections, the 
relativistic analogues of (1.1), (1.2) will now be indicated (and in such 


a form as to illustrate the e@7+o limit). 


Consider a massive, relativistic, internally structureless 
particle in empty (Minkowski) space-time. The formulae relating the 
space-time coordinates of the particle with respect to two observers 


A 
0,0 (in uniform relative motion) analogous to (1.1) are: 


> > 
A VD ° fe 
P= To oy = (4 43) 
Ce 
A os di > 35> ) 
q= ha + = (v-Rq)v + yvt (1.4b) 
|v | 
(ieee: 3 
= > 
where y = (1 - ae ) _~pweR | 2 sets) (ef course subject to 
a a+ 
oe i Be | dg A 
the conditions that |v] , Eee <c@). If m,m are respectively the 
“+ ae 
masses of the particle as seen by the two observers then p=m-—t, 
v 
A 
eo or ee ee ee 
pe — o5e Ene corresponding momenta, and £=me , = me the 
dt 
corresponding energies. These quantities are related by: 
A > => 
E = yE + y v°Rp (iosa) 
A ae <7, Se 1 Ss Ek > 
ae J 29°¢F 7) yo SS 
p= Rp + +2 (v-Rp)v + y 7 U (1.5b) 
|? | & 
Se e 
A v°Rg 
m= yl + 5 ym (1256) 
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eure 
Now the quantity m(1 - ae defined with reference to 0 
e A 2 
A Palate ee 
is equal to the corresponding quantity m(l - 5 ) defined with ref- 
A ) 
erence to 0 ; it is therefore an invariant, called the rest mass, and is 
denoted by is (it is also related to E,p by Er = mM ets + DI? ) i 
E 0 I 
The relativistic analogue of kinetic energy (as seen by 0) is 
2 
EY. = EF - me . In re-expressing (1.5) in terms of the new variables 
> A Ag: 
(EZ, 5p 5m ) and (2,525 ) we have: 
ghee tte 2 1 
7 YE, + yerkp + G-De™ im (1.6a) 
AN By, > y-L > >.> > 
Dp = ¥y D+ Ap + = 2 (v-Rp)v == Ns (1.6b) 
C |v| 
A 
Mm) = Mm, (1. 6c) 
Noticing that: 
lim m =m, = lim “ 
= = A ae 
limp=m,.q 3; limp = m_ (Rqtv) 
Pere 0 ae 0 
1 +2 ss 1 > +2 
Ba od EF = =m, |Rqtv 
said Ge Om abe 
Gre Cr 


we see that (1.2) is precisely the limit of (1.6) as @>e*. Not only 
are the non-relativistic quantities the limits of the relativistic ones, 


but also the member of Ce which defines (1.2) is the limit of the mem- 


ber of Le defining (1.6); in fact: 
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Actually, this last statement requires comment because really 
we are taking a limit not within a fixed group but within a family of 


groups. To be precise, if Lee denotes the group of all transforma- 


tions of the (E,p) “So as vine (l.5ea.b), then, = —s0 CB) where B, 


6 ec 


is the bilinear form diaetoerc tea) ; therefore oe = 80° (1,3) = Le 
and letting @-+© , we see that ne > 30° (1.0.3) = Ge . This means 
mi 1 v'R BS Y aR 
that.) im N48) = , where A ,,8) = z . 
cae v : yas ip tie DOR 
2 ae 
C [v| 


In comparing (1.2) and (1.6), notice that the right-hand side of (1.7) 


leaves invariant the bilinear form whose matrix representative is 


0 0 =e 


¢) I, 0 ; whereas the matrix under the limit symbol on the left- 
-1 0 0 
hand side leaves invariant the bilinear form represented by 
- 1. 0 -1 
@ 
0 I, 0 . These bilinear forms are equivalent to 
=1 0 0 


diaper and diag @ (ej, isla sn (c)) respectively (where 


a 5 thee / Lh & 
r, (2) = - aac cee leat i C ) and consequently Ce and Le are 


+ + 
realizable as subgroups of SO (-1,1,1,1,1) = SO (1,4) and 
sot (A yh ea) = SOmCIaA) respectively; the limit (1.7) is there- 


+ + 
fore a result of the. limit SO (\_(e),1,1,1,4,(e)) > SO (1,4) as e>o. 
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III.2. LIMITS OF LIE ALGEBRAS 


In the last section, the homogeneous Galilei group (the 
kinematical group of non-relativistic physics) was shown to be a limit 
of the Lorentz group (the kinematical group of relativistic physics) as 
the "speed of light" was allowed to become infinite. Moreover, the phy- 
Sical quantities on which these groups act as transformation groups main- 
tain their respective physical meanings in the limit c>*+*. This of 
course has great intuitive appeal. However, upon further scrutiny, the 
calculations of section 1 are seen to be rather ad hoc in the sense that 
one must have a very clear interpretation of the variables on which the 
groups act; thus the remarks of section 1 belong more properly to a 
discussion of limits of transformation groups rather than simply of 
groups themselves. Although of undeniable importance, it is not our 
intention to enter into the issues of deformation theory (see, for exam- 
ple, Guillemin and Sternberg (1966)) and instead follow a simpler devel- 


opment. 


To simplify matters further, the discussion will centre on 
limits of Lie algebras rather than of Lie groups, thereby side-stepping 
most topological questions. The fruitfulness of studying such limits 
was suggested by Segal (1951) in relation to problems of quantum field 
theory (see also Segal (1963), Ch. VIII); work was begun by InG6nii and 
Wigner (1953) and further extended by Saletan (1961) and others. The 
techniques of Indnii, Wigner and Saletan (IWS), in slightly modified 
form, will be reviewed by way of example: namely, the homogeneous Gali- 


lei Lie algebra as a limit of the Lorentz Lie algebra. 
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As originally proposed by Segal (1951), one ought to regard a 
limit of a family of Lie algebras as the Lie algebra defined by the limit- 
ing structure constants. That is, suppose ioe eee eet sea 
family of isomorphic Lie algebras: L© = Ce ie =) , where V_ is the 
underlying vector space of Le apd ie his the Lie bracket on V_  defin- 
ing tome “TE {E, } is a basis of V , then the structure constants 


k 
tC, (e)} of 2° , with respect to this basis, are defined by (summation 


OS Fuse = re. Ce) E (2el) 


If it happens that lim SAO GxXaStS (Ota eed hee then 
are) 


k . k : : 
tC, CO) ="im Ci, (c)} is a set of structure constants for a Lie alge- 
E>0O 


k 
b O = h = : : 
ra, denoted by & Cis ae ly? where Peace oie (O)E,. CliesC2 2) 
we avoid topological questions by insisting V be finite dimensional). 


One says that 2° is the limit of the 2° 's and writes 29 = lim 2 . 
S=A0) 


This situation may be recast in a slightly different form 
(see Saletan (1961)). Since all the ae » for e > O , are assumed iso- 
morphic, let i a ae a ie be an isomorphism for all ec « (0,1] 
(for notational simplicity write: gl =e os tae 1, =a 5 |) eand 


k 


ce = Oe ). Suppose that W_(E;) - CL HL ,» again using summa- 


tion convention here (as well as throughout the rest of this chapter). 


The condition that W be an isomorphism is: 
W [x,y] = [W x,W y] (2574) 


for tall ye;y%e V “in addition to Ws being non-singular. In terms of 
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the structure constants: 
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Oe ee a) a an) (2.2b) 


Clearly, lim CC) existspior all. ty koe it eand only it 
€>0 


amps 9 = Tim J le (*),W_(:)] ais a viable Lie bracket on V. This 
S € € 
€>0 e>0O 


needenot be the case. Instact,.12., Jim W is non-singular then fe 
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Will be,isomorphic to ~~ but if "lim W. is singular then £9 | provi- 
e>0 


ding it exists, will not be isomorphic to 70% 


This slightly altered point of view which emphasizes Mees 
allows a reformulation. Given a Lie algebra 2 = (V,[ , ]) amd a family 
We Os seas le, MW, = elk of isomorphisms of V_ (as a vector space 
not as a Lie algebra) depending continuously on ec , define a new Lie 


algebra ag eer ae ].) , where [x,y]. = WLW 2, Wy] . Clearly 2° 


; : ; eae F ; 
and £ are isomorphic but the existence of lim & is the interesting 
e>0 


question, particularly when lim Wes is singular. lf) V has) a2 direct 


e>0 

sum decomposiition V = Vo ® va i va # (0) with respect to which 

] 

Vo 0 
Rely - id, and Eas =e "id, (ive ay it W = ) 

0 0 al 1 
0 ecl, 
i! 


then) lame co if it exists is called an IWS contractton of &. A neces-— 


e>0 
sary and sufficient condition that lim & exist is given next (see 
e>0 
Saletan (1961)). 
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with 2° € Vo ‘ a € Vy then: 
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Now, to the example. 


The Lorentz Lie algebra £, has a basis apie: (see Ch. I, 


6 
(4.14)) with Lie products: 
(eee (2.3a) 
[ar yl ans me (OA25) 
Ee ges See ne (2.3) 
We now must choose a subalgebra (Vol Se yaliee Raeus L, , and because it is 


usually desirable for the contracted algebra et to contain 40(3) we 


shall take Yo > 40(3) (see Bacry and Lévy-Leblond (1968) for a detailed 


discussion of this point). Now it is an easy calculation to verify that 


hone iL 3 
the only subalgebras of L, containing —50(3)'= <J ea > are) 40(3) 


and Le itself; thus the only non-trivial rotation-invariant contraction 


of £&. is that obtained by taking V. = 40(3) . Thus, computing [ , ] 
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Recalling the Lie relations (Ch. I, (4.16)) of the homogeneous Galilei 


Lie algebra Gg » we see that lim 2. = Ge 
e>0 


A similar statement may be made in the case of the Poincaré 


Lie algebra Lio ani 6 Lio has a basis (irk Pes satisfying the 


appropriate Lie relations (see Ch. @35'(6.7)),, definelfor” = >= Oz 
A 
WSS) = 0, WoO) = eK, Wo) = cP WL) = 


It is easy to show that the limiting Lie relations are those of 310 é 
the Lie algebra of the Galilei group Cio (seeseia 14 (643%a,b sc) stor 


f= Oye 


For further remarks on contractions refer to the Notes secti 
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III.3. CONTRACTION OF CLIFFORD ALGEBRAS 


In this section, a notion of limit or contraction of a 
Clifford algebra will be defined in analogy with that of Lie algebra 
contraction. While the principal application shows that the homogeneous 
Galilei Clifford algebra 10,3 is a limit of the Lorentz Clifford 
algebra a3 » a general result analogous to Prop. III.2.1 is proven and 


some of the relationships between Lie and Clifford algebra contractions 


pointed out. 


Suppose C is a universal Clifford algebra for some real ortho- 
gonal space X of dimension n ; then C will be of dimension 2° as 
will V , the underlying vector space of C. Let us suppose also that 
a family {W:0<e<l1l, WV = id} of isomorphisms of V , depending 


continuously on c¢ , is given. Define a new multiplication * on \ 


for each ¢ <« (0,1] as follows: 


Q 
mM 


ie WW _(a)W (b)) (3.1) 


for a,b «V ; and denote the algebra (V,*) by C . This notation 
anticipates the fact that C is a Clifford algebra isomorphic to C 


> 


In fact, the multiplication * is associative (for if a,bd,c«V, 

i= LJ at! i li thx 7 ot rr ery = a Ss 
then a * (b*c) = W_ 1 W_(a)W_(b*e)) = W_* WW (a)W_(2)W_(e)) , by associ- 
ativity of multiplication in C , and consequently a . (* ec) = (a*b) + 


is written a*b*c ); moreover W_ provides the algebra isomorphism (the 
ons = 

= hs y 1 ee Ly SR ereeg Se py) me 
identity in C° is W_ (1) and trivially, W_(a*d) = W_(a)W_(©) 


= Ee 


. sk ee 5 . ee 
almost by definition; if f{y } is an orthonormal basis of X generating 


C with as a yly* sa , then likewise will {W eg ¢ 
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PE elim a.* > exists for all) @,5 © V thenvwe write eo = lim C’ and 
eo = e>0 


call c° the contraction of {C*} 


Proposition Dil.3.1.2  Suppose™ Ve= Vo ® vy @ eee @ vO and 
k 


Wo = aid @®e - id, ® es Pe 2 Gh . Then lim @*bD exists for all 
6) iL k e>0 


Qo peeV af and only 16S VV wie VO Ve = *2.6 Vy tor alle 4.4) such 
og 0 | 


ah 
phate ity = ko. 


Proof: Let c= Co =r: Cy nic OO Gs Ch denote the decomposition of ec with 


7 k eee 
C, € i soy that W _(e) a +e C1 + +e CO. and W (2) = Co + 


ete. Cleanly. slim akb exists for all ea,bve WV 
e>0 


=ah = 
€ ay at tt € nor ; 
Livand only if) lim oye exists formalii., «10,1. **sk) eand ald 
e>0 
Gare Vine, (DerenV a. Given CO <c.V ae ana once Va. we eompuce: 
a aL i j a 


=n ee eee! 
W CONC EO W (e are ae € ie CHOn) 


Q 
*% 

OF 
It 


-iti-1l 


2 Biles ; ae ae 
: on Cae oe EOL ins a 


J 


ee Go) 
bi ad! 


apa so lim a.*D, ‘exists: (and equala [@ >.) ) Af and only, 1f 
e>0 le a ap ale 
(a,b,), = 0 whenever k > it+j . This can be restated as 
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Suppose {y } is an orthonormal basis of R*?P?4 generating 
R. Ste The mapping i is to multiply selected y's by © “and 
> > 
the rest by 1 and then be extended to all of ne Fi in the more-or- 


less simplest way. Precisely: 


W (1) =] (3523) 


W_(y*) = ee where | A(i)ee, 10514 (3:25) 


i, aL i, aL 
Wy “eeey ™) = Wy dee Cy ™) for 1s<i_<++*<i <n (3.2c) 
€ € € — J ir 


where n = r+ptq . This may be stated more concisely in the following 


INanner: 


WO) = Dy) 


G3) 


where wilge 11. 2eles sen} TAC) = ) RG) varnd *\"(o)@=s0Petot course. 1 
icl 
is not to have repeated members). Rather than attempt to compute the 


direct sum decomposition of V and verify the hypotheses of Prop. III. 


3.1, we proceed directly to show that lim a exists. This will 
<0 FrePo4 


be true if we show that lim ve * @xists for all (1.Jee (12. ---e nl. 
e>0 P 


Recalling the meaning of eee = Nene (see the proof 
of Thm. 0.1.9 and the notes on section lof. Ch. I: -in addition, to 
u(I,J) = +1 it may happen that Ch a= Ome tt wa en iD sesuch= that 
(aie = 0; as before IAJ = (I1\J)uQJ\I) ), we may now compute ee * ve 


as follows: 
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However, A is monotone increasing ( KcL => (RK) < ACL) ) and additive 
one disjoint unions ( KnL = $ => \A(KuL) = A(K) + A(L) ) and since 
TAIS= CEVIVOCI\T) is) such a disjoint union with “\J) © 1 “and 
(CI\t) <3 {ewe may conclude that 4(1)41()) = CEA oO southar 
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e>+0 e>0 E 
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of B(e) which become zero in the limit e+ 0 gives the stated result. 
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This section will close with a discussion, by example, of the 
relationship between Lie and Clifford algebra contraction. Specifically, 
it will be seen how the Clifford algebra contraction ee es B03 


induces the Lie algebra contraction L, tie 


For a Lie algebra basis of Le we use: 
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upshot of this is that the left-hand sides of the relations (3.5) define 
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The discussion given in this section is so much a part of the 


lk-lore of relativistic physics that it is difficult to assign credit 
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to the various ideas. Indeed one is likely to see some justification of 
the statement " LL. > C. as @-> 2" as soon as one meets the general 
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t surprisingly, all this was well known to the founders of 
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Minkowski (1908). On the limi Le > Gy » his epistemological remarks 
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When W_ is of the above form, lim 2 (if it exists) is 
e>0 
called a generalized contraction. 


As an example of this scheme, consider the de Sitter Lie alge- 
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and comments following); the easy explicit calculation may be found in 
Brooke (1978, 86) as well as a slightly modified contraction process 
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For further interesting discussions see Hermann (1966), Bacry 


and Lévy-Leblond (1968) and Gilmore (1974). 
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In analogy with the Lie algebra contraction of the de Sitter 
Lie algebra to the Carroll Lie algebra as described in §2 (this section), 


there is 4 Clifford algebra contraction Ry ie Ro 0.3 inducing this 
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Lie scontraction. Using?) Thm. iLL1.3525 define W_(y°) = Boy! ‘ 

WY") = ae 5 Wy) = ae where (ee re ee < 31 is an ortho- 
normal basis of Rie generating RF i ( (ye = ela Ca = Gas = =] 
etc.) and verify that lim R = R 
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Concerning the notion of Clifford algebra contraction in gener~ 
al , many questions remain unanswered. What can be said about general 
contractions when We has a more complicated form than that of Thm. III. 
Diet Gal Line -onesrorm OF W Ws and “eiven, a Clittordyalgebra Gj) which 
Clifford algebras contract to C ? (Might one have results analogous to 
those of Bacry and Lévy-Leblond (1968) in the case of Lie algebras?). 

What are the deeper connections between the Lie and Clifford contractions? 
Is every Lie contraction induced by a Clifford contraction? Specifically, 
if there a "Clifford-like" contraction which induces the Lie contraction 


Of pel to 


ll 944 2® (See Ch. La section 6:41 so,Saletam (1961); for the 


eontraction (m) .) Finally, and most importantly, is the idea 


ah El 


of Clifford algebra contraction interesting and/or useful? 
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CHAPTER IV 


PHYSICAL APPLICATIONS: WAVE EQUATIONS 
a a 


IV.0. INTRODUCTION 


Whereas the quantum mechanical equation describing a relati- 
vistic electron (a particle with spin) has been known almost since the 
birth of wave mechanics (Dirac (1928)), the corresponding non-relati- 
vistic equation was only understood on the same fundamental level in 
comparatively recent times (Lévy-Leblond (1967)). Prior to this, the 
non-relativistic electron equation was obtained from the relativistic 
Dirac equation by ad hoc and poorly justified methods involving the 
taking of the limit ¢ @speed of light) + ~ ; this had the unfortunate 
effect of suggesting that the quantum mechanical concept of Splines. an 
intrinsically relativistic notion and that the correct value of the 
magnetic moment of the electron is determined only by relativistic 
theory. (This latter issue has received very recent attention, from 
quite a different point of view than Lévy-Leblond's, in the paper of 
Niederer and O'Raifeartaigh (1977); their conclusions also differ some- 
what from his.) It is interesting to note, however, that Pauli (1927) 
came up with an equation for the non-relativistic spinning electron 
employing the SU(2) = Spin(3) representation of the rotation part of 
the homogeneous Galilei group R° @)s0(3) ; this equation, which pre- 
dates the Dirac equation, Isa second-order matrix partial differential 
equation generalizing the Schrédinger equation as opposed to the Dirac 


equation which is of first order.) With the perfect clarity of hindsight, 
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it is in a way surprising that neither Pauli nor Dirac apparently 
obtained, in a manner analogous to Dirac's derivation of the relativistic 
equation, a first-order matrix partial differential equation describing 
the non-relativistic situation. Had they done so, confusion concerning 


the non-relativistic status of spin would not likely have arisen. 


In section 1 of this chapter we recall the work of Lévy—Leblond 
on wave equations for non-relativistic particles of spin 1/2 and offer 
various remarks of a critical nature concerning them. As an application 
of the results of earlier chapters, we propose, in section 2, an alterna- 
tive equation which possesses improved invariance properties and which, 
through the use of the de Sitter spin group, takes on an appearance 
closer to that of the Dirac equation (suitably recast in a form which 
exploits the relationships I.(3.1) and I.(3.3) between the Lorentz and 
de Sitter groups). This form of the Dirac equation is displayed in sec- 


tion 3 which also contains a few remarks on the previous material. 
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IV.1. LEVY-LEBLOND'S EQUATION 


Following the ideas used by Dirac in deriving his relativistic 


equation for the electron, Lévy-Leblond (1967) has obtained a non-relati- 


vistic analogue from which he argues the non-relativistic nature of the 


magnetic moment of the electron. 


We describe his development. 


Corresponding to the classical internal energy £# ore joe) wehe 


a non-relativistic particle, one 
the usual replacements: £ = id, 


where A= V*V is the Laplacian 


invariant quantity and therefore 


defines the Schrédinger operator S by 


aa ; ; ; iL 
p> = =1Ves that 2S, 05 = id, + ie A 
operator. Since m is a Galileian- 


transforms as a constant in any repre- 


Bentation, it is convenient to work with 2mo “instead of ~S (e@-f. Prop. 


III. 1.1). The idea is to find first-order operators (HF = id, : 


p= -iV ): 
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it will also satisfy the Schrédinger equation: 


Sd = 0 (124) 


The equation 66 =0 is, in analogy to the Dirac equation, then proposed 


to describe a non-relativistic particle with Spit. 


Now the condition (1.2) is equivalent to: 


A'A = 0 is eS ee We (1. 5a) 
ALC C2 Le= 27 Bie + joes = ye CL5D) 
Bk ai ct pk = 0 Cl Ca=t0 (1. 5e) 
With ek wb <3 or equivalently: 
Be! pp oe (1.6) 
wathe Meet, 4 a5 and 8 =i) 4 0), BY = ita +=") and 
Be =f - =C » EO SP =o . Defining new matrices y~ for 
Desay 4 “by 
Be ipy’ , B° = -iy"B" Gan) 
one then obtains: 
ene oy (1.8) 
4,0 


The relations (1.8) are those defining a Clifford algebra for R anal: 


of whose C(4) representations are irreducible and equivalent. Choosing 
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the Pauli matrices (see remarks preceding Thm. II. 2.6 for their defini- 


5 0 —] 
tion) and. B = -eOoneehac: 
I, 0 
K 
oO 0 0 if 
coe oh eget == 2 (1.9) 
Somtnat: 
0 0 0 2ml., 
A= oe C10) 
] 0 ) @) 


Finally with 6= *) » where ¢$,xX each have two components, the equa- 


tion (1.3) becomes: 


> > 
Ed + (o*p)x = 0 Cileita) 
(S*D)> + 2m x = 0 Cin) 
St 
again within ee Mid ee i= ive. 
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Concerning Galilei invariance of (1.11), corresponding to 


(b,a,v,R) eG) one defines 


Gt) = (RavDeta, tb), £G@, 0) = S mlo|°t + mo-Re 
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the SU(2) representation of S0(3) defined by D?@ jo" vie 


pen 2 
R B° (A / has already been encountered in Ch. II, 84). The mapping 


6+ 6' given by (1.12) defines a representation of Cig which leaves 


C.D) invariant: 
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Because of this invariance property, 9®¢= 0 is claimed to adequately 


describe a free, non-relativistic particle with mass m and spin 1/2. 


A few comments are in order: first of all concerning the 
relations (1.6). While indeed it is true that all C(4) representations 
of the relations (1.8) are equivalent, the same is not true for (1.6) and 
consequently, contrary to Lévy-Leblond's claim (Lévy-Leblond (1971), p. 
Z260).unoe ald ehoices: for A,B,C are equivalent (i.e. related by a 
simiderity.) | li tact, Le {y"} satisfy (1.8) and B? is any non-singular 
matrix, define Bo = een and git = 5 - to arrive at a representa- 
tion of (1-6). Thus (16) is’ determined by Bt ee, Or use ce 

B 


same by ee and B 5 pe eon Walt one + oe and B? 


fo) Qu 
y = 26 
non-singular but otherwise arbitrary. It is now quite easy to see that 


not all choices of y° and Be are equivalent). Unfortunately this 


claim appears elsewhere in the literature (see Hagen (1970), p. 98). A 
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consequence of this inequivalence will be discussed shortly but before 
that, a comparison between the relativistic and non-relativistic wave 


equations for spin 1/2 emphasizing common features will be discussed. 


Lorentz 
yD 


We consider operators 6 = HA + cp+B +meC and 


ge’ = EA' + cp-B" meu : 
cp + mec. ssuch that: 
Wa ie oes ee Cie 14) 


(the right-hand side of (1.14) is the free Klein-Gordon operator). The 


condition (1.14) is equivalent to: 
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Defining: B= (4s) 20 = (4-0). and “Bb! er (AsO). 
V2 V2 V2 
Bie = Beaty the relations: 
/2 
0 Qed z 2 
pl = "Cs, eee = (0) eo ee ees (eva) 


Ke- iL K KL 


Caer ee (En) eee a Coa auet er ee eC o. 


(By sES 2 (By Be om ee Cel ee eG (mize) 


with io Ky be) 3:4 ares equivalent to (1.16). 


Comparing the Lorentz and Galilei situations we see that 


relations (1.15) and (1.17) are identical!; both may be written: 
B'’B? + BtdB™ = ~2974 (1.18) 


where (g*4) =idiag(—i lol dl). deethesde, Sitter (metrica. PA, particu— 
larly promising choice of (eee) is a = Be satisfying the 
conditions pips Ge Bt = -2g44 defining a Clifford algebra for ee 
with this choice by the way, 9' = 8 and so a is either the free 
Klein-Gordon or free Schrodinger operator for a particle of mass m. 
Furthermore with this choice (98' = 6) , we know the Be "s up to equiva- 
VenceubyeL bop. Oh. 4.2 .ectUL unther sweetness cnotce stheress .asmore 
satisfactory implementation of the appropriate kinematical group as will 


now be explained and this brings us to the second comment concerning 


Lévy-Leblond's equation. 


While it is true that Lévy-Leblond's equation is invariant 


(see (1.13)), his operator © is not. Generally, given a group represen- 
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tation on a set of functions on which a differential operator acts, the 
operator is said to be tmvartant if it commutes with the group represen- 


tation (see Hermann (1966), p. 78). To be specific, Lévy-Leblond's opera- 


tor Me is given by: 
+ 5-0 2m 
oie Faun (1.19) 
id = @ OWE- 
t 5 4G 
> 
wiere “7)= (x,7) = If @ were to’ be invariant, then 1f would have to 


happen that for (5,R) € Ce, a= (x,t) and x' = (2',t") = (Ratvt, t) : 
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oe elf le) 1/23 py = tf@) 1/26 py . 0 (1.20) 


However (1.20) is not satisfied but instead one has: 


otf (x) 1/2 ie otf (x) ,1/2 = 


> Seea 2 eRe : 
(CO 8) 5 OL 20,1.) (v,R) oe CLAS) 


(This, incidentally, proves the invariance of the equation i.e. 
11> 
ae me id, ae aa 
Oo Ce ee) = 060) O(c.) = 0 )- Thevoperator is 
0 ov 2m 
ak x 
also used by Lévy-Leblond (1971) and Hagen (1970); neither is it invari- 
ant under the representation (1.12), contrary to a statement of Hagen 
(1970.sp. L0L). As long as one’ considers only fréeé-particle equations 
(and perhaps also those corresponding to particles with minimal electro- 
magnetic coupling), one is not likely to encounter difficulties by having 
a non-invariant operator (even though, for example, the Klein-Gordon and 
Schrd6dinger operators are invariant). However it seems less clear that 


such difficulties will not arise (at least in interpretation) if more 


complicated interactions are introduced. 
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The point to be made is this. If one demands of 9 that it 
: 2s eo eae es Abas 
satisfy 0 = 2mE - psp instead of the Lévy-Leblond condition, then 
with respect to the obvious representation of the Galilei spin group 
Spin(1,0,3) on wave functions, the operator §@ is invariant, a similar 
statement holds in the relativistic case. Details follow in the next 


section. 
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IV.2. THE NON-RELATIVISTIC, SPIN 1/2 WAVE EQUATION 


As may be inferred from previous comments (Ch. I, Notes for 


§3 and Ch. III, section 1), the homogeneous Galilei group G is isomor- 
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as expressed as in (2.1) or (2.2). It is the vspin group analogue of the 


: =) , . ee 
action of Ge on by (2.1) that we must ascertain, and while it is 
possible to do so by employing abstract arguments only, it is convenient 
to use an explicit matrix representation. In an H(2) representation 
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a as B = ei 
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v2 2 
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Before proceeding further, to avoid potential confusion that 
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Evaluating the left side of (2.9): 
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where V° = : ( (yn) = diag(0,1,1,1) ), and use has been made of 
the identities: ge = re IP soe ‘ (V»Valv = lef 2 . See Messiah 


(1966, Ch. XX §21) and Berestetskiil, Lifshitz, Pitaevskii (1971, Ch. IV) 
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Although Lévy-Leblond's operator 96 is not invariant, the 
existence of distinct invariant operators §6',6 satisfying 6'@ = 2m 


has not been ruled out. To understand what is involved one would have 


to examine the relations (1.17) more closely; this is yet to be done. 


The general problem of factorizing differential operators has 
not received a great deal of mathematical attention, although in the 
relativistic context some work has been done; operators 6,0' which 
factorize the Klein-Gordon operator -3,° +A - me are called Klein- 
Gordon divisors (see Takahashi, Y. (1969) for a discussion of this and 
for earlier references). Also motivated by matters relativistic, Hermann 
(1975, Ch. XX) has developed some results on the factorization of differ- 


ential operatorson pseudo-Riemannian manifolds likely to be of interest 


when it is desired to formulate quantum mechanics on curved space-times. 
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